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Abstract 

The present paper is concerned with Schrodinger equations with variable coefficients 
and unbounded electromagnetic potentials, where the kinetic energy part is a long-range 
perturbation of the flat Laplacian and the electric (resp. magnetic) potential can grow sub- 
quadratically (resp. sublinearly) at spatial infinity. We prove sharp (local-in-time) Strichartz 
estimates, outside a large compact ball centered at origin, for any admissible pair includ- 
ing the endpoint. Under the nontrapping condition on the Hamilton flow generated by the 
kinetic energy, global-in-space estimates are also studied. Finally, under the nontrapping 
condition, we prove Strichartz estimates with an arbitrarily small derivative loss without 
asymptotic flatness on the coefficients. 

1 Introduction 

In this paper, we study sharp (local-in-time) Strichartz estimates for Schrodinger equations with 
variable coefficients and unbounded electromagnetic potentials. More precisely, we consider the 
following Schrodinger operator: 



1 

H = -Y1 i-idj - Ajix))g^\x){-idk - Akix)) + V{x), x G 



j,k=i 

where d > 1 is the spatial dimension. Throughout the paper we assume that g^'',V and Aj are 
smooth and real- valued functions on M*^ and that {g^^{x))j,k is symmetric and positive definite: 

d 

i,fc=i 

with some c > 0. Moreover, we suppose the following condition: 
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Assumption 1.1. There exists /x > such that for any a G Z^J., 

|5-(5^-'=(x)-<5,fc)|<C,(x)-^~l"l, 

\d%V{x)\<C^(xf-^~\"'\ xeM-^. 

Then, it is well known that B. admits a unique self-adjoint reahzation on L^(M'^), which we 
denote by the same symbol H. By the Stone theorem, H generates a unique unitary propagator 
g-jt/f L^(R'^) such that the solution to the Schrodinger equation: 



idtuii) = Hu{t), t G M; ^1^=0 = e L^{R'^), 

is given by u{t) = e~**^(/?. 

In order to explain the purpose of the paper more precisely, we recall some known results. 
Let us first recall well known properties of the free propagator e~**^°, where Hq = —A/2. The 
distribution kernel of e"**-^" is given exphcitly by (27rit)~'^/^e*l'^'~^l^/^^*) and e~^^^°(f thus satisfies 
the dispersive estimate: 

l|e-'*''VllLoo(M.) < C\t\-''/'M^,^^,^, t ^ 0. 
Moreover, e"**^'^ enjoys the following (global-in-time) Strichartz estimates: 



-itHo 



LP(R;L9(K'')) 



where [p, q) satisfies the following admissible condition: 

P>2, - = d(l--), (d,p,g) / (2,2,oo). (1.1) 
p \2 qj 

Strichartz estimates imply that, for any ip E L^, e~'^''^'^ip G ClqeQa^'^ * ^ ^) where 

Qi = [2, oo], Q2 = [2,00) and Qd = [2,2d/{d — 2)] for d > 3. These estimates hence can be 
regarded as L^^-type smoothing properties of Schrodinger equations, and have been widely used 
in the study of nonlinear Schrodinger equations (see, e.g., [B]). Strichartz estimates for e^**^" 
were first proved by Strichartz f32] for a restricted pair of {p,q) with p = q = 2{d + 2)/d, 
and have been generalized for {p,q) satisfying (jl.ip and p 7^ 2 by [15]. The endpoint estimate 
(p, q) = (2, 2d/{d - 2)) for d > 3 was obtained by [20j. 

For Schrodinger operators with electromagnetic potentials, i.e., H = ^{—idx — A)"^ + V, 
(short-time) dispersive and (local-in-time) Strichartz estimates have been extended with poten- 
tials decaying at infinity [34j or growing at infinity [13\ I35j . In particular, it was shown by 
[13\ [35] that if g^'^ = 6jk, V and A satisfy Assumption 11.11 with /i > and all derivatives of 
the magnetic field B = dA are of short-range type, then e~^''^ip satisfies (short-time) dispersive 
estimates: 



for sufficiently small t 7^ 0. Local-in-time Strichartz estimates, which have the forms 

l|e **^'/'llLP([-T,T];L9(]Rd)) < CT||y?||^2(]Rd), T > 0, 
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are immediate consequences of this estimate and the rr*-argument due to Ginibre-Velo [12] 
(see Keel-Tao [15] for the endpoint estimate). For the case with singular electric potentials or 
with supercritical electromagnetic potentials, we refer to [Ml ESI ESI [9] • We mention that global- 
in-time dispersive and Strichartz estimates for scattering states have been also studied under 
suitable decaying conditions on potentials and assumptions for zero energy; see [TU t [5711501 [T^fTU] 
and reference therein. We also mention that there is no result on sharp global-in-time dispersive 
estimates for magnetic Schrodinger equations. 

On the other hand, the influence of the geometry on the behavior of solutions to linear 
and nonlinear partial differential equations has been extensively studied. From this geometric 
viewpoint, sharp local-in-time Strichartz estimates for Schrodinger equations with variable co- 
efficients (or, more generally, on manifolds) have recently been investigated by many authors 
under several conditions on the geometry ; see, e.g., [311 [6l [26l HI HI El 121] and reference 
therein. In [31], [26], [3] authors studied the case on the Euclidean space with nontrapping 
asymptotically flat metrics. The case on the nontrapping asymptotically conic manifold was 
studied by [TB] and [M]. In [3] the author considered the case of nontrapping asymptotically 
hyperbolic manifold. For the trapping case, it was shown in [B] that Strichartz estimates with a 
loss of derivative 1/p hold on any compact manifolds without boundaries. They also proved that 
the loss 1/p is optimal in the case on S'^. In [3], [3j and [22, authors proved sharp Strichartz 
estimates, outside a large compact set, without the nontrapping condition. More recently, it was 
shown in [7j that sharp Strichartz estimates still hold for the case with hyperbolic trapped tra- 
jectories of sufficiently small fractal dimension. We mention that there are also several works on 
global-in-time Strichartz estimates in the case of long-range perturbations of the flat Laplacian 
on R'^([5lE3l[23]). 

While (local-in-time) Strichartz estimates are well studied subjects for both of these two 
cases (at least under the nontrapping condition), the literature is more sparse for the mixed 
case. In this paper we give a unified approach to a combination of these two kinds of results. 
More precisely, under Assumption 11.11 with ^ > 0, we prove (1) sharp local-in-time Strichartz 
estimates, outside a large compact set centered at origin, without the nontrapping condition; 
(2) the global-in-space estimates with the nontrapping condition. Under the nontrapping con- 
dition and Assumption 11.11 with /i > 0, we also show local-in-time Strichartz estimates with 
an arbitrarily small derivative loss. We mention that all results include the endpoint estimates 
{p^q) = (2,2d/((i — 2)) for d > 3. This is a natural continuation of author's previous work [25], 
which was concerned with the non-endpoint estimates for the case with at most linearly growing 
potentials. 

F{*) denotes the characteristic function designated by (*). We now state the main result. 

Theorem 1.2 (Strichartz estimates near infinity). Suppose that H satisfies Assumption 
with fj, > 0. Then, for any T>0, p>2, q<oo and 2/p = d{l/2 — 1/g) and for sufficiently 
large R > 0, we have 

\\F{\x\ > -R)e"'*'^<p|lLP([_T,T];M(M'*)) < Ct\Ml2(^r,), (1.2) 

where Ct > may be taken uniformly with respect to R. 

To state the result on global-in-space estimates, we recall the nontrapping condition. Let us 
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denote by k{x,(_) denotes the classical kinetic energy: 

1 

j,k=i 

and by {yo{t, x, ^),rjQ{t, x, (^)) the Hamilton flow generated by 

yo{t) = d^k{yo{t),7]o{t)), 77o(t) = -d^k{yo{t),7]o{t)y, (yo(0), r?o(0)) = {x,C). 

Note that the Hamiltonian vector field Hf^, generated by k, is complete on M.'^'^ since (g^^) satisfies 
the uniform elliptic condition. Hence, {yo{t,x,S,),rio{t,x,(,)) exists for all t € M. 

Definition 1.3. We say that k{x,^) satisfies the nontrapping condition if for any (x,^) G M^*^ 
with ^ / 0, 

\yo{'t,x,(,)\ — )• +00 as t — 7- iboo. (1-3) 
The second result is the following. 



Theorem 1.4 (Global- in-space Strichartz estimates). Suppose that H satisfies Assumption \l.l\ 
with /i > 0. Let T>0,p>2, q<oo and 2/p = d{l/2 — 1/q). Then, for any r > 0, there exists 
CT,r > such that 

\\F{\X\ < r)e-''''v\\L.(^l.T,T];L.m) < CT,r\\{H)'^''f\\mR'^y (1-4) 

Moreover if we assume in addition that k{x,^) satisfies the nontrapping condition (jl.3p . then 

\\F{\x\ < r)e"**-^(/9||^p([_^^y].^,(ig.d)) < CT,r\W\\L2(^dy (1.5) 

In particular, combining with Theorem \ LSI we have (glohal-in- space) Strichartz estimates 

LP([_T,T];L9(]Rd)) < C't 1 1 ^/^l | j;^2 (]gd) , 

under the nontrapping condition provided that fi > 0. 

When fi > we have the following partial result. 

Theorem 1.5 (Near sharp estimates without asymptotic flatness). Suppose that H satisfies 
Assumption li.il with /i > and /c(x,^) satisfies the nontrapping condition (|1.3p . Let T > 0, 
p > 2, q < oo and 2/p = d[l/2 — 1/q)- Then, for any e > 0, there exists Cx^e > such that 

l|e **^¥'IIlp([-T,T];L'J(R'«)) ^ CT,e\\{HY 'f\\L2(^^dy 

There are some remarks. 

Remark 1.6. (1) The estimates of forms (|1.2|) . (|1.4|) and (jl.Sp have peen proved by [3HH] when 
j4 = and V is of long-range type. Theorems ll.2l and ll.4l hence are regarded as generalizations 
of their results for the case with growing electromagnetic potential perturbations. 
(2) The only restriction for admissible pairs, in comparison to the flat case, is to exclude [p, q) = 
(4, oo) for d= 1, which is due to the use of the Littlewood-Paley decomposition. 
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(3) The missing derivative loss {HY in Theorem 11.51 is due to the use of the fohowing local 
smoothing effect (due to Doi pT]): 

It is well known that this estimate does not holds when e = even for H = Hq. We would 
expect that Theorem 11.21 still holds true for the case with critical electromagnetic potentials in 
the following sense: 

{x)-'\d^A,{x)\ + {xr^\d'^V{x)\ < Co.p{x)-\^\ 

(at least ii g^^ satisfies the bounds in Assumption 11.11 with /x > 0). However, this is beyond our 
techniques (see, also remark [4. 2p . 

The rest of the paper is devoted to the proofs of Theorems 11.21 [T~il and [L5l Throughout the 
paper we use the following notations: (x) stands for YnT+lxp. We write = L'^(M'^) if there 
is no confusion. For Banach spaces X and Y, we denote by || • the operator norm from 

X to Y . We write Z+ = N U {0}. We denote the set of multi-indices by U^. We denote by K 
the kinetic energy part of H and by Hq the free Schrodinger operator: 

K = -\Y.d,g^\x)dk, Ho = -\/:^ = -\Y,dl 

j,k j=l 



p{x,^) denotes the classical total energy (modulo lower order terms): 

d 

2 



1 

= 9 E 9'\x){^, - A,(x))(a - Ak{x)) + V{x). 



j,k=i 

For h G (0, 1] we consider := h?H as a semiclassical Schrodinger operator with /i-dependent 
electromagnetic potentials h^V and hAj. We denote the corresponding total energy hy ph{x,^): 

1 

Phix,0 = 2 E - hA.ixMk - hAkix)) + h^V{x). 

j,k=i 

Before starting the details of the proofs, we here describe the main ideas. At first we 
remark that, since our Hamiltonian H is not bounded below in general, the Littlewood-Paley 
decomposition associated with H does not hold for any p > 2. To overcome this difficulty, we 
consider the following partition of unity on the phase space M^'^: 

where 'i/'e is supported in {(x,^); (x) < e|^|} for some sufficiently small constant e > 0. It is easy 
to see that the total energy p(x,^) is elliptic on supp^^: 

C-^ieP < p{x,0 < C\(\\ {x,0 e supp^,, 

and we hence can prove a Littlewood-Paley type decomposition of the following form: 

/ \ 1/2 

II Op(^,H|^, <C,| 1^/11^2 + CJ Yl \\OpM f{h^H)u\\lA , 

h=2-3,j>0 ^ 
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where 2 < q < oo, {f{h?-);h = 2^^,j > 0} is a 4-adic partition of unity on [l,oo) and ah is 
an appropriate /i-dependent symbol supported in {|x| < |^| G /} for some open interval 

/ d (0,00), Op(V'e) and OY>h{ah) denote the corresponding pseudodifferential and semiclassical 
pseudodifferential operators, respectively. 

Then, the idea of the proof of Theorem 11.21 is as follows. In view of the above Littlewood- 
Paley estimate, the proof is reduced to that of Strichartz estimates for F{\x\ > R) Op/j(a/j)e~**^ 
and Op(xe)e~**^. In order to prove Strichartz estimates for F{\x\ > i?) Op;j(a/j)e~**^, we 
use semiclassical approximations of Isozaki-Kitada type. We however note that because of 
the unboundedness of potentials with respect to x, it is difficult to construct directly such 
approximations. To overcome this difficulty, we introduce a modified Hamiltonian H due to [38] 
so that H = H for |x| < L/h and H = K for |x| > 2L/h for some constant L > 1. Then, 

= h?H can be regarded as a "long-range perturbation" of the semiclassical free Schrodinger 
operator Hq = h?HQ. We also introduce the corresponding classical total energy p/j(x, ^) so that 
Ph{x,£,) = Ph{x,i) for |x| < L/h and Ph{x,£,) = k{x,(^) for |x| > 2L/h. Let be supported 
in outgoing and incoming regions {R < \x\ < l/h, \^\ G /, ±x ■ ^ > 1/2}, respectively, so that 
F{\x\ > R)ah = + where x = x/|x|. Rescaling 1 1— )■ t/i, we first construct the semiclassical 
approximations for g-**^''/'^ Op^(a^)* of the following forms 

e-^'^"'^OvMr = MS^,b^)e-^'^o/'^A{Stcir + 0{h% < ±t < l/h, 

respectively, where solve the Eikonal equation associated to ph and JhiS^^b^) and Jh{S^,c^) 
are associated semiclassical Fourier integral operators. The method of the construction is similar 
to as that of Robert [28]. On the other hand, we will see that if L > 1 is large enough, then the 
Hamilton flow generated by ph with initial conditions in supp cannot escape from {|x| < L/h} 
for < ibt < l//i, respectively, i.e., 

■Kx (exptffp^(suppa^)) C {|x| < L/h], < ±t < l/h. 

Since ph = Ph for |x| < L/h, we have 

expt//p^(suppa^) = expt//p^(suppa^), < ±t < l//i. 

We thus can expect (at least formally) that the corresponding two quantum evolutions are 
approximately equivalent modulo some smoothing operator. We will prove the following rigorous 
justification of this formal consideration: 

||(e-t^^V^ - e-**^'/'^) Op;,(a±)*||^,^^, < Cuh'"', < ±t < l/h, M > 0, 

where = h^H. By using such approximations for e"**^'*'''^ Op;^(a^)*, we prove local-in-time 
dispersive estimates for Op/j(a^)e~**^ Op/j(a^)*: 

l|0p/,(a±)e-^*^0p^(a±)*||^i^^^ <C7|r''/', < /i « 1, < |t| < 1. 

Strichartz estimates follow from these estimates and the abstract Theorem due to Keel-Tao |20) . 
Strichartz estimates for Op(xe)e~**^ follow from the following short-time dispersive estimate: 

II Op(xe)e-**^ Op(x.)*||ii^ioo < Ce\t\-''/\ < |t| < t, « 1. 
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To prove this, we construct an approximation for Op(xe)e Op{Xe)* of the following form: 
Op(x.)e-'*^ OpiXsT = a) + Oh-.^hA^), 1*1 < te, 

where the phase function ^ = ^'(t,x,^) is a solution to a time-dependent Hamilton-Jacobi 
equation associated to p{x, ^) and J(^', a) is the corresponding Fourier integral operator. In the 
construction, the following fact plays an important rule: 

\d^d^^p{x,0\ < C^f5, {x,0 e suppx., |a + /3| > 2. 

We note that if {g^^)jk — Idrf 7^ depends on x then these bounds do not hold without such 
a restriction of the initial condition. Using these bounds, we can follow a classical argument 
due to [ 21] and construct an approximation for e~**^ Op(xe)* of the form J{^,b) modulo some 
smoothing term. Next, using an Egorov type lemma, we will prove that Op(x£)(e~**^ Op(xe)* — 
J(^,6)) still can be considered as an "error" term. 

The proof of Theorem 11.41 is based on a standard idea by |3H El H] . Strichartz estimates with 
loss follow from semiclassical Strichartz estimates up to time scales of order /i, which can be 
verified by the standard argument. Moreover, under the nontrapping condition, we will prove 
that the missing 1 /p derivative loss can be recovered by using local smoothing effects due to Doi 

m- 

The proof of Theorem 1 1.5 1 is based on a slight modification of that of Theorem ll.4[ By virtue 
of the Strichartz estimates for Op(xe)e~**^ and the Littlewood-Paley decomposition, it suffices 
to show 

\\Ovh{ah)e-'^^ ^WLvii-T^ry^L'i) < ^"IIv^Hlz, < /K 1. 

To prove this estimate, we first prove semiclassical Strichartz estimates for Op/j(a/i)e~**^ up to 
time scales of order /linf The proof is based on a refinement of the standard WKB approx- 
imation for the semiclassical propagator Opi^{ah)e~^^^'^ . Combining semiclassical Strichartz 
estimates with a partition of unity argument with respect to x, we will obtain the following 
Strichartz estimate with an inhomogeneous error term: 

for any e > 0, which, combined with local smoothing effects, implies Theorem 11.51 

The paper is organized as follows. We first record some known results on the semiclassical 
pseudodifferential calculus and prove the above Littlewood-Paley decomposition in Section [2l 
Using dispersive estimates, which will be studied in Sections U] and [5l we shall prove Theorem 
11.21 in Section [3l We construct approximations of Isozaki-Kitada type and prove dispersive 
estimates for Op;j(a^)e~**^ Op/j(a^)* in Section [H Section [5] discuss the dispersive estimates 
for Op(x£)e~**^ Op(xe)*- The proof of Theorem 11.41 and Theorem 11.51 are given in Section [6] 
and Section [71 respectively. 

Acknowledgements. We would like to express his sincere thanks to Erik Skibsted for valuable 
discussions and for hospitality at Institut for Matematiske Fag, Aarhus Universitet, where a part 
of this work was carried out. 
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2 Semiclassical functional calculus 



Throughout this section we assume Assumption 11.11 with /U > 0, i.e., 

\d^g^Hx)\ + {xr'\d^Mx)\ + {xr'\d^V{x)\ < (2.1) 

The goal of this section is to prove a Littlewood-Paley type decomposition under suitable re- 
striction on the initial data. At first we record (without proof) some known results on the 
pseudodifferential calculus which will be used throughout the paper. We refer to [271 [22] for 
details of the proof. 

2.1 Pseudodifferential calculus 

For the metric g = dx^ j{x)^ + d^'^ / {^)'^ and a weight function m{x,^) on the phase space M?'^, 
we use Hormander's symbol class notation S{m,g), i.e., a G S{m,g) if and only if a G C°°(M^'^) 
and 

\d'^dla{x,i)\ < C7„/3m(x,0(x)-l"l(0~"", G 

To a symbol a G C°°{M.'^'^) and h G (0,1], we associate the semiclassical pseudodifferential 
operator (/i-PDO for short) defined by Op/j(a): 

Op,(a)/(x) = I e'^--yy^l^a{x,i)f{y)dydi, f G S(M'^). 

When h = 1 we write Op(a) = Op;j(a) for simplicity. The Calderon-Vaillancourt theorem shows 
that for any symbol a G C°°(M^'^) satisfying \d"d^a{x,^)\ < Cap, Op;j(a) is extended to a 
bounded operator on Lp'iW^) uniformly with respect to /i G (0,1]. Moreover, for any symbol a 
satisfying 

\d'^dla{x,0\<Cap{i)-\ l>d, 
Op(a/i) is extended to a bounded operator from L'^{W^) to with the following bounds: 

l|Op,(a)||^,^^. <C,,/i-'^(i/'?-i/^), l<g<r<oo, (2.2) 

where Cqr > is independent of /i G (0, 1]. These bounds follow from the Schur lemma and an 
interpolation (see, e.g., [U Proposition 2.4]). 

For two symbols a G S{mi,g) and b G S{m2,g), the composition Opfj^{a) Opf^{b) is also a 
/i-PDO and written in the form Op^(c) = Op;j(a) Op;j(6) with a symbol c G S(mim2,g) given 
by c(x,^) = e'^^^'^^''a{x,ri){z,£^)\z=x,ri=i- Moreover, c{x,^) has the following expansion 

c=Y ^—d?a-d'^h + h^rN^ii^rNeS{{x)-^{i)-^mim2,g). (2.3) 

|a|=0 

The symbol of the adjoint Op;j(a)* is given by a*{x,$) = e'^^^'^^^a{z,r])\z=x.ri=^ £ S{mi,g) 
which has the expansion 

= E ^^t^> + ^"^^^ ''^ ^ 5((x)~^(0-^mi,5). (2.4) 

|a|=0 
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2.2 Littlewood-Paley decomposition 

As wc mentioned in the outline of the paper, H is not bounded below in general and we hence 
cannot expect that the Littlewood-Paley decomposition associated with H, which is of the form 



u 



Li 



, CO ^ 



1/2 



holds if 7^ 2. The standard Littlewood-Paley decomposition associated with i^o also does 
not work well in our case, since the commutator of H with the Littlewood-Paley projection 
f{2~'^^HQ) can be grow at spatial infinity. To overcome this difficulty, let us introduce an 
additional localization as follows. Given a parameter e > and a cut-off function (p G Co°(M) 
such that cp = 1 on [0, 1/2] and supp(/5 c [0, 1], we define jpei^^O by 



It is easy to see that {V'£}o<£<i is bounded in S{l,g) and supported in {{x,^) G M^*^; (x) < e\^\}. 
Moreover, for sufficiently small e > 0, the total energy p{x, ^) is uniformly elliptic on the support 
of V's and Op{ips)H thus is essentially bounded below. 

In this subsection we prove a Littlewood-Paley type decomposition on the range of Op(V'e). 
We begin with the following proposition which tells us that, for any / G Co°(M) and h G (0, 1], 
Op{ijjs) f {h^ H) is approximated in terms of the ^-PDO. 

Proposition 2.1. There exists e > such that, for any f G C^(M), we can construct bounded 
families {ah,j}he{Q,i] C S{{x)~^0'-' ,g), j > 0, such that 

(1) a/1,0 is given explicitly by ah,oix,^) = '4^e{x,^/h)f(jph{x,i)). Moreover, 

suppa^j C suppV'£(-, -/h) n supp/(p/i) 

C{(x,e)GM2'=';(x)<l//i, leiGl}, 

for some open interval I (0, 00). In particular, we have 

II Op;,(a;,,,)||^,,^^, < C,,g./i-<W-V«), 1 < g' < g < 00, 
uniformly in h & (0, 1]. 

(2) For any integer N > 2d, we set = 'l2f=o h^'^^j. Then, 

II Ov{^e)f{h'H) - Ovn{ah)\\L^^L. < CqNh'''\ 2 < g < 00, 

uniformly in h G (0, 1]. 

The following is an immediate consequence of this proposition. 

Corollary 2.2. For any 2 < q < 00 and h e (0, 1], Opitpe) f {h"^ H) is bounded from L'^{W^) to 
L^(R'^) and satisfies 

\\Opii;,)f{h'H)\\^,_^^, < C7,/i-'^(V2-i/.)^ 
where Cq > is independent of h E (0, 1] . 
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Remark 2.3. liV,A = 0, then Proposition 12.11 and Corollary 12.21 hold without the additional 
term Op(V'£)- We refer to [6] (for the case on compact manifolds without boundary) and to [1] 
(for the case with metric perturbations on W^). For more general cases with Laplace-Beltrami 
operators non-compact manifolds with ends, we refer to [2l[T]. 

Proof of Proposition [KH We begin with the well-known Helffer-Sjostrand formula jl7j : 



f{h'H) = -— / ^{z){h'H-z)-'dz^dz, 
2711 Jc oz 

where f{z) is an almost analytic extension of /(A). Since / E Cq°(M), f{z) is also compactly 
supported and satisfies dzf{z) = 0{\ lm.z\^) for any M > 0. We shall construct a semiclassical 
approximation of Op{ip£){h'^ H — z)~^ for z £ C \ [0,oo). Although the method is based on the 
standard semiclassical parametrix construction (see, e.g., [271 [6]), we give the details of the proof 
since we consider the composition of the PDO, Op('(/'e), which is not in the semiclassical regime, 
with the semiclassical resolvent {h^H — z)~^. 

p(x,^) and pi(x,^) denote the principal symbol and the subsymbol of H, respectively, i.e., 
H = p{x, D) + pi{x, D). ()2.ip and the support property of V'e imply 

|5,"9fp(x,OI<Ca/3(x)^"l(0'~'^', 
|5."5fpi(x,0l < Ca/3(x)-^-|"l(0'""", (X,0 e SUppV',. ^'^ 

Moreover, we obtain 

Y,{WHx)iiMx)\ + W\x)A,{x)Ak{x)\) + \V{x)\ < Ce\^f, {x,0 e supp^,, 

where C > is independent of x, ^ and e. This estimate and the uniform ellipticity of k imply 
that p{x,^) is also uniformly elliptic on suppip^: 

C{'\C\' <p{x,0 < Cl|C|^ {x,0 e suppV',, 

provided that e > is small enough. Then, for any integer > 0, we can find symbols 
qhj{z,x,^), j = 0,1,..., N — 1, and rh^]\f{z,x,6.), depending holomorphically on z G C \ R, such 
that 

N-l 

Op{A) = Yl Ov{qhAz)){h'H -z) + OvirhA^)). 

j=0 

More precisely, q^fi is given explicitly by 

qKa[z,x,t.) - 



h'^p{x,^) — z 

Using ()2.5p and the fact that V'e G ^'(l)^); we obtain 

0<Z<|/3| + |a| I ''''' I 
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On the other hand, assuming |z| < 1 without loss of generahty and using the uniform elhpticity 
of p{x,^) (on suppV'e), we learn that for (x,^) S suppV'e, 

1 f|Imz|-' if < 2C7i, ^ ^ 

< ' , (2-6) 



\h'^p{x,0 - [|/i^|-2/ if > 2C7i. 

These two estimates imply 

We next consider q^^i which is defined by 

gfe,i(z,x,^ = 72-7 — 7^ • 

A similar calculation as that for qhfi yields 



\d^d^^qh,i{z,x,0<Cap 



■(x)"i"l"l(0"'^'/i|Imz|-2-l"+/3| if/j|^| <2Ci, 



For j > 2, j are defined inductively by 

Qh,j{h^P -z) = - ^ ^, gggfe,fc • - J]] ^, Qfgfe.fc • d'^pi. 

|q|>1 

Iterating the above procedure, we have 



for some integer n(j) > 0. Moreover, q^^j are of the forms 

Qh,jk{x,C) 



{h?{p,x,0-zf+^' 
where Nj < 2j — 1 and qh,jkix,C) satisfy supp qhjk C suppV'e and 

\d^d^^qHM^,0\ < C,^,fc(x)-l"l(0''/i''max((0-l^l/i^(0"''/^'^'), (2-9) 

uniformly with respect to /i € (0, 1]. By virtue of ()2.8p . for any < 7 < and for some integer 
n{N) > 0, the remainder rh,N{z) satisfies 

\d'id'lrhN{z,x,0\<Cc,B'y{ 2.10 
°^^\(x)-^-H(^)-^+7/i7+l/3| if/i|e|>2Ci. ^ ^ 

By the Helffer-Sjostrand formula, Op{ipe)f{h?H) can be brought to the form 

Af-l 

Op{A)f{h^H) = Op{ah,j) + R{h,N), 

j=0 
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where 

ah,o{x,0 = A{x,^)f{h^p{x,^)), 

ahA^^O = Yl ^^ih,jk{x,i)-^i{h?p{x,5,)), 1 < j < iV - 1, 

k=l 

R{h,N) = -^ [ %{z)Op{rh,N{z)){h^H - z)-'dz Adz. 
Im j£ az 

By definition, a^j are supported in < Cq^/H < \^\ < Cq/H} with some Co > 

0. Moreover, it follows from ()2.9p that G S{{x)^-' {S)^-' , g). We now define ahj{x,^) = 
h~^ahj{x,S^/h). Taking e > smaller if necessary, we see that 

and that 

<C„;3(x)-|"l(/i + ICl)"-'""" 

<C«^(2Co)^'+l^l(x)-l°l(0~l''l, 

uniformly in h £ (0,1], since |.^| > Cq^ on suppa/ij. In particular, {ah,j}he{0,i] ^^'^ bounded in 
S{{x)'^{^)~^ ,g). By virtue of ([22]), we obtain 

II Op;,(a;,,,-)IL,'^^, < C,,,,/i-'^(i/'?'-i/^), 1 < g' < g < oo, 

uniformly in h £ (0,1]. Finally, we shall check the estimate on the remainder. Choosing 
TV > 2(i + 1 and 7 = N/2 and using (f2J0]l . we have 

II Op(r,,^(z))||^,_^^, < C,/i^/2| Imz|-"W, 2 < g < oo. 

Using the bound \\{h'^H — z)~'^\\j^2_^i2 < \ Imz|~^, we conclude that 

l^dzAd-z<C,,,h^/^ 



oz 



Imz|"W- 



which complete the proof. □ 

Consider a 4-adic partition of unity: 

/o(A) + j;/(/i'A) = l, AgM, 
h 

where /o,/ G Cq°(R) with supp/o C [—1,1], supp/ C [1/4,4] and means that, in the sum, 
h takes all negative powers of 2 as values, i.e., Ylh ~ Ylh=2-i j>o- ^ ^ C'^(R) be such that 
suppF G [1/8,8] and F = 1 on supp/. The spectral decomposition theorem implies 

1 = MH) + ^ fih^H) = MH) + F{h^H)f{h^H). 

h h 

Let ah G S{l,g) be as in Proposition 12.11 with f = F. Using Proposition 12. H we obtain a 
Littlewood-Paley type estimates on a range of Op(^£). 
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Proposition 2.4. For any 2 < q < oo, 

1/2 



Op(V'£)^i|lL.{Rd) < Cgll^i|lL2(Kd) + CJ OY>h{ah)f{h^H) 



h 



Proof. The proof is same as that of [6l Corohary 2.3] and we omit details. □ 
Corollary 2.5. Let e > and V'e he as above and Xe = 1 — V'e- Let p G C°°(M'^) 6e suc/i t/iai 

Then, for any T > and any (p, g) satisfying p > 2, q < oo and 2/p = d{l/2 — 1/q), there exists 
Ct > such that 

LP{[-T,T];Li{R'i)) 

( 2 \ 

LP([-T,T];L9(Md)) I , 

^ h ' 

where Uh is given by Proposition \2. 1\ with replaced by pip;,. In particular, a/i(x,^) is supported 
in suppp{x)ip{x,C/h)F{ph{x,^)). 

Proof. This proposition follows from the L^-boundedness of e~**^, Propositions 12.11 and 12.41 
(with V'e replaced by pipe) and the Minkowski inequality. □ 



3 Proof of Theorem 11.2 



In this section we prove Theorem 11.21 under Assumption 11.11 with p > 0. We first state two key 
estimates which we will prove in later sections. For R > 0, an open interval / ^ (0, oo) and 
a G (—1, 1), we define the outgoing and incoming regions T^{R,I,a) by 



r^{R, I, a) := \ {x, G M^'^; |x| > R, \C\ G /, ±^ > -a 



respectively. We then have the following (local-in-time) dispersive estimates: 

Proposition 3.1. Suppose that H satisfies Assumption with p > 0. Let I ^ (0, oo) and 
a G (—1,1). Then, for sufficiently large R > 1, small ho > and any symbols G S{l,g) 
supported in r^{R, I,a) n {x; \x\ < 1/h}, we have 

II Op,(a±)e-**^Op,(a±)*||^,^^^ < C\t\-''/', < \t\ < 1, 

uniformly with respect to h £ (0, ho] . 

We prove this proposition in Section [H In the region {\x\ > \^\}, we have the following 
(short-time) dispersive estimates: 

Proposition 3.2. Suppose that H satisfies Assumption \L1\ with p > 0. Let us fix arbitrarily 
e > 0. Then, there exists t^ > such that, for any symbol Xe £ 'S'(l, g) supported in {{x, ^); (x) > 
e|^|}, we have 

\\Ov{Xe)e-'''' OviXefWL^^L^ <Ce\t\-'"\ < |t| < t,. 
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We prove this proposition in Section [5l 
Proof of Theorem ] 1.^ We first note that, for any T > Tq > 0, 

l|e ^^^f\\LP([-T,T];Li{R'i))-^^'^0'^\\^ I LP{[-To,To];L9(Md)) ; 

since e~**^ is unitary on L^(R'^). Taking p e C°°(M'^) so that < p{x) < 1, p{x) = 1 for |x| > 1 
and p{x) = for |x| < 1/2, we set Pr{x) = p{x/R). In order to prove Theorem 11.21 it suffices 
to show 

for sufficiently large R > 1 and small T > 0. Let ah be as in Proposition 12.11 Replacing ip^ 
with pRipe and taking e > smaller if necessary, we may assume without loss of generality 
that suppa/j C < < l//i, |,^| € /} for some open interval / d (0,oo). Choosing 

g± ^ c°^([-i^i]) so that e+ + e- = 1, e+ = 1 on [1/2,1] and 6*+ = on [-1,-1/2], we set 
a^(x, ^) = a/i(x, (,)6^{x-£,), where x = 3;/|x|. It is clear that {a^}h€{o,i] is bounded in S{l,g) and 
supp C T^{R, 1, 1/2) n {x; |x| < l//i}, and that o/j = + a^. We now apply Proposition 13. II 
to and obtain the local-in-time dispersive estimate for Op;j(a^)e~**^ Op^(a^)* (uniformly 
in /i G (0, /iq]), which, combined with the L'^-boundedness of Op(a^)e~**^ and the abstract 
Theorem due to Keel-Tao |20] . implies Strichartz estimates for Op{ah)e~^^^ : 

± 

< C'||(/5||^2(Rd), 

uniformly with respect to h £ (0, /iq]. Since Ophiah) is bounded from L'^{R'^) to Li{R'^) with 
the bound of order 0(/i~'^(^/^^^/'')), for ho < h < 1 we have 

Yl II OPfeK)e~'*'^/(^^-f^)'^llL{[-l,l];L«(Kd)) < C{ho)\Ml2(^Rdy 
ho<h<l 

with some C{ho) > 0. Using these two bounds, we obtain 

X] II OP/.(a/^)e"'*'^/(/i^^^)<^llL([-i,i];L'{K'^)) 
h 

0<h<ho 
< C'IIV'llL2(Kd). 

On the other hand, Strichartz estimates for Op(xe)e~**^ is an immediate consequence of Propo- 
sition 13.21 By virtue of Corollary \2.b\ we complete the proof. □ 

4 Semiclassical approximations for outgoing propagators 

Throughout this section we assume Assumption 11.11 with /x > 0. We here study the behavior 
of e^**^ Op/j(a^)*, where G S{l^g) are supported in r^(i2, /, cr) n {|x| < l//i}, respectively. 
The main goal of this section is to prove Proposition l3.ll For simplicity, we consider the outgoing 
propagator e~**^ C)P/i(^h )* for < t < 1 only, and the proof for incoming case is analogous. 
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In order to prove dispersive estimates, we construct a semiclassical approximation for the 
outgoing propagator e~**^ Op;j(a^)* by using the method of Isozaki-Kitada. Namely, rescal- 
ing t I— )• t/i and setting = h?H, Hq = — /i^A/2, we consider an approximation for the 
semiclassical propagator e~''^^'^ Opi-^{a'^)* of the following form 

^-uH^/HQ^^^^+y ^ j,^s+X)e-''''^^^^MS^,c+r + 0{h% 0<t< h-\ 

where solves suitable Eikonal equation in the outgoing region and J{S^,w) is the corre- 
sponding semiclassical Fourier integral operator (/i-FIO for short): 

Such approximations (uniformly in time) have been studied by [29J for Schrodinger operators 
with long-range potentials, and by [27\ [28l H] for the case of long-range metric perturbations. 
We also refer to the original paper by Isozaki-Kitada [18] in which the existence and asymptotic 
completeness of modified wave operators (with time-independent modifiers) were established for 
the case of Schrodinger operators with long-range potentials. We note that, in these cases, we 
do not need the additional restriction of the initial data in {|x| < l//i}. The recent paper [25] 
concerns such approximations (locally in time) for the case of long-range metric perturbations, 
combined with potentials growing subquadratically at infinity, under the additional restriction 
in {|x| < Although the construction is similar as that in the previous papers, we give the 

details of the proof for reader's convenience. 

As we mentioned in the outline of the paper, we first construct an approximation for the 
modified propagator g"**^''/'^, where is defined as follows. Taking arbitrarily a cut-off 
function ^/^ G C^(M'^) such that 0<ip<l, ip=l for |2;| < 1/2 and 1^ = for |x| > 1, we define 
truncated electric and magnetic potentials, and = {A^jjj by Vh{x) := Tp{hx/L)V{x), 
Ahj{x) = i/j{hx/L)Aj{x), respectively. It is easy to see that 

Vh = V, Ahj = Aj on {|x| < L/{2h)}, suppA^j, suppT4 C {|x| < L/h}, 

and that, for any a G Z^J. there exists CL,a > 0, independent of x, h, such that 

h^\d^Vh{x)\ + h\d^Ah{x)\ < C„,i(x)-^-l"l. (4.1) 

Let us define by 
1 

H'' = -Y, i-ihd, - hAh,j{x))g^\x){-ihdk - hAh^k{x)) + h^Vh{x). 
j,k=i 

We consider as a "semiclassical" Schrodinger operator with /i-dependent electromagnetic 
potentials h'^Vh and hA^. By virtue of the estimates on g^^, A^ and Vh, can be regarded as 
a long-range perturbation of the semiclassical free Schrodinger operator Hq = — /i^A/2. Such 
a type modification has been used to prove Strichartz estimates and local smoothing effects for 
Schrodinger equations with superquadratic potentials (see, Yajima-Zhang [351 Section 4]). Let 
us denote by ph the corresponding energy: 

1 

Ph{x,i) = 2 - hAh,3{^)){ik - hAh,kix)) + h'^Vhix). 

j,k=i 
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The following proposition, which was proved by [28j, provides the existence of the phase function 
of /i-FIO's. 

Proposition 4.1. Let us fix arbitrarily open intervals I d (0, oo), —1 < cr < 1 and L > 0. 

Then, there exist Ro,ho > and a family of smooth and real-valued functions {5^;0 < h < 
ho,R > Rq} C C°°(M^'^;M) satisfying the Eikonal equation associated to ph: 

Ph{x,d,S^ix,0) = \^\y2, {x,OeT+{R,I,a), (4.2) 

such that 

\S^{x,0-x-C\<C{x)'->' ,x,CGR''. (4.3) 
Moreover, for any \a + f3\ > 1, 

|9,"af(5+(x,0-x-e)| <C,;3min{i?i-^-H,(x)i-^-l"l}, x,^gM''. (4.4) 
Here C,Caj3 > are independent of x,(,,R and h. 

Proof. We only give the sketch of the proof and refer to [28] Section 4] for more details. Let us 
fix I (S /q (E (0, oo) and a < uq < 1. Let {xhit, x, S,)iCh{t, x,(,)) = exp tHp^{x, ^) be the Hamilton 
flow generated by ph, i.e., the solution to 

dxh dph dih ^Ph ( c w ( c\ (A K\ 

Using (|4.ip . we have the following a priori bounds: 



\xh{t,x,^)\ > C{\x\ + \t\), 

\d^d^^{xUt,x,0-x-tO\<c^i3{x)-^-^''^ 

|5,"9f(a(t,x,e)-0l <C„/3(x)-^-l"l, 



t 



uniformly in t > 0, (x,^) G r+(i?/2, Iq, o"o) and h G (0,/io], provided that i? > 1 is large 
enough and /iq > is small enough. Using these bounds, we see that, for any fixed t > 0, the 
map (x,^) I— >• (x, ^/j(t, X, ^)) is a diffeomorphism from r+(i?/2, Iq, co) onto its range and has the 
inverse map (x,^) i— )■ {x,r]h{t,x,^)) which is well-defined on [0,00) x r+(i?, /, cr). We note that 
r]h satisfies the same estimates as that for ^/j. It is easy to see that, for any t > s > 0, the flow 

s ^ {xh{s,x,r]h{t,x,C)),Ch{s,x,r]h{t,x,^))) 

is a solution to ()4.5p with the conditions x/i(0, x, ///^(t, x, ,^)) = x, ^/^(t, x, ??ft,(t, x, ^)) = ^. By the 
same argument as that in [14, Lemma 2.4], we have, for any < fi' < fi, 

dx[xh{s,x,r]h{t,x,^))] = 0(1), dx[^h{s,x,r]h{t,x,^))] = 0((x)"-^"'''), 

uniformly in t > s > and (x,^) E T^(R,I,a). Then, by the standard Hamilton-Jacobi theory, 
we can find the corresponding generator ^'^(t,x,^), that is a solution to the Hamilton-Jacobi 
equation: 

dt^+{t,x,c)=Ph{x,d^^+{t,x,oy, ^';^(o,x,e) = x-e, 
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satisfying {dx'^^{t,x,C),d^'^^{t,x,C)) = {r]h{t,x,C),Xh{t,x,'nh{t,x,C))). 

We set Fh{t,x,^) = '^^{t,x,Cj — ^/tC^i-R^jO- Then, using a priori bounds for Xh{t), ih{t), 
r]h{t) and Xh{t,x,r]h{t)), we have dtF^ G L^{[0,oo)t) and hence can define 5^ (x, ^) on T^{R,I,a) 
by 

poo 

S+{x,0 = x-^+ dtFh{t,x,Odt. 
Jo 

Since dxS^ = limt^-^-oo dx"^^ (t) and d^"i^^{t) — )■ +00 as i — )• +00, by using the energy conser- 
vation 

Ph{x, dx^+{t, X, e)) = Phidi'^tit^ 0,0, 

we can check that S'^ satisfies the Eikonal equation (j4.2p . Moreover, using a priori bounds on 
Xh,ih and ?7/i, we obtain (|4.3p and (|4.4p . Finally, we extend to the whole space M^'' so that 
5^ = 2; • outside r+(i?/2, Iq, ctq) and complete the proof. □ 

Remark 4.2. We remark that, in the proof of Proposition 14.11 we did not use the support 
properties of Ah and Vh- Suppose that A and V satisfy Assumption 11.11 with /U > 0, i.e., 
{x)~'^\dxA{x)\ + {x)~'^\dxV{x)\ < Cq,/3(x)~'"'. If g^'' is of long-range type, then we still can 
construct the solution to (|4.2p . by using the support properties of A^ and Vh, provided that 
if L > 0, being independent of h, is small enough. However, in this case, — x ■ ^ behaves like 
{x)^^^h^^ as /i — )• 0, and we cannot obtain the uniform L^-boundedness of the corresponding 
/i-FIO. This is one of the reason why we exclude the critical case /x = 0. 

To the phase S'^ as in Proposition 14. 1 1 and an amplitude a G S{l,g), we associate the /i-FIO 
defined by 

Jh{S^,a)f{x) = {27rhr^ [ e*(^^ 



Using ()4.4p . for sufficiently large i? > 0, we have 

\d^0dxS+ix,()-M \ < C{R)-^ < 1/2, 

<C„;3 for \a + {3\>2, 

uniformly in /i G (0, ho]. Therefore, the standard L^-boundedness of FIO implies that Jh{S^ , a) 
is uniformly bounded on L'^{W^) with respect to /i G (0, hg]. 
We now construct the outgoing approximation for g"'*^''/''. 

Theorem 4.3. Let us fix arbitrarily open intervals / (s /q ^ /i <s /2 (0,oo), —1 < o" < 
(To < 0"! < C72 < 1 cLnd L > 0. Let Rq and Iiq be as in Proposition \4.1\ with L, a replaced by 
l2,<^2, respectively. Then, for every integer N the followings hold uniformly with respect to 
R> Rq and h G (0,/io]- 
(1) There exists a symbol 

N-l 
j=0 

such that, for any G S{l,g) with suppa"*" C T^{R,L,a), we can find 

N-l 

= 2Z "''^^ <j ^ ^^^^9), supp c+ . C r+(i?i/2, Jo, ao), 

j=0 
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such that, for allO <t < h ^, e ^^^'^^^ Opi^{a~^)* can be brought to the form 

e-**^'/"OpJa+)* = ,US+,b+)e~^'''o/''MS^,ctr+QtKit,h,N), 

where Jh{S^,w), w = b'^,c^, are h-FIO's associated to the phase defined in Proposition 
\4-l\ with R,I and a replaced by R^^'^,l2,<72, respectively. Moreover, for any integer s > with 
2s < N — 1, the remainder Q^{t,h, N) satisfies 

\\{DrQUt,h,N){Dr\\^,^^, < CNsh''-''-\ (4.6) 

uniformly with respect to h € (0, /iq] and < t < h^^ . 

(2) Let Kg+{t,x,y) be the distribution kernel of JhiS^ ,b^)e~'*^o/^JhiS^ ,cl)* . Then, Kg+ 
satisfies dispersive estimates: 



h 



\Ks+{t,x,y)\<C\th\-<"\ (4.7) 
uniformly with respect to h ^ (0, ho], x, y G M'^ and < t < h^^. 

Proof. We give only details of the construction of amplitudes and the proof of (|4.6p . Dispersive 
estimates can be verified by the same argument as that in [4, Lemma 4.4]. 

By virtue of ()2.4p . there exist a"^ G S{l,g) and qo{N) G S{{x)~'^ {^)~^ , g) such that 
suppa^ C suppa^ and Op/^(a^)* = Op;,(a+) + h^ Op/^{q(){N)). Setting Ja = Jh{S^ ,b~^) 
and Jfc = Jh{S^ ,c^), we have the Duhamel formula: 

We shall construct the amplitudes 6^ , so that 6^ satisfies transport equations associated to 
, and that JaJ^ is a microlocal approximation of OY>}^(a^) in the following sense: 

II OpJ5+) - Ja4\\L^-,L^ < CNh"". (4.8) 

The estimates ()4.6p can be proved by using the method of non-stationary phase. 
Construction of the amplitudes, bf ■ can be constructed by a standard method of character- 
istics as follows. Recall that K and k{x, denote the kinetic part of H and the corresponding 
energy, respectively: 

j,k j,k 

We let X^(j;,^) = {d^k){x,dxS^{x,^)) and consider the flow generated by X^: 

{xt{t,x,0) = x+(x+(t,x,o,0; 4(0) = X. 



By ([O]) and (fOp . we learn that x^(t) is well-defined on [0,oo) x T+{R,I,a) with R = Rts 
(notice that 1/3 > 5/16 > 1/4), some /i (s / d /2 and fii < a < a2. Moreover, we have 

\x+{t,x,0\>C-\\x\ + \t\), 
\d^dl{x+{t,x,0-x-tO\<C^^{xr^~\''\\t\, 
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uniformly in t > and (x,^) S T+{R,I,a) (see, [28]). We let Y^{x,^) = -(K5+)(x,e). 
By virtue of ()4.3p . ()4.4p and (|4.9p . we see that Yf^{x^{t,x,^),^) is integrable with respect to 
t E [0, oo), and that 



JO 

Let us define 6^^. G ^(l, g), < j < — 1, inductively by 
btfi = exp Y+ix^it, X, 0,Odt^ , 

b+ .=iJ^"{Kb+ ._,){x+{t,x,0,O^W di, J > 1, 

A direct computation shows that 6^^- solve the following transport equations: 

f K ■ d.bp + Yhbto = 0' ^ ,4 
I K ■ dJ>l, + Y,Hl^ + zKbl^_, = 0, 1 < J < iV - 1. 

Taking p E 5'(1,(7) satisfying p = 1 on T'^{R,I,a) and suppp C r''"(i?^/'^, Ii, ui), we define 
bt,eS{l,g)hybl^=pbl^. 

We next construct c^y By definition, is elliptic on T~^{R,I,a){D r+(i?^/^, /q, fio)) in 
the following sense: 

6+0 >c, {x,C)eT+{R,I,a), 

with some c > being independent of h. The standard FIO theory then shows that, for any 
a+ G 'S'(l,fl') with suppa+ C r+(i?, /, cr), there exist symbols j G 5'(1,5) with suppc^^- C 
r+(i?^/^, Jo, fJo), j = 0, 1, — 1, such that ()4.8p holds true. Indeed, c^j can be determined 
by the following triangular system: 



, i = 0,l,...,iV-l. 

y=x 



Here 5^ and Ji are defined by 

S+{x,y,0= r d^S+{y + 9{x-y),Od9, Ji = \detd^S+{x,y,0\, 
Jo 

and r^Q = a~^(2;, ^^(x, y, ^)). Moreover, if we denote the inverse map of ^ 1— )■ S^{x,y,^) by 
^ I— 7- [S^]^^{x,y, S,), then r^^. is a linear combination of 



where J2 = | det S^i-S*^] ^{x, y, ^)|, a G and feo, ki = 0, 1, j so that < |a| < j, fco + /ci : 
j — \a\ and /ci < j — 1. The symbolic calculus then shows that JaJb ^ /i-PDO and satisfies 

Jfe = Op^(5+) + /i^ OpJ<zi,/^(A^)) 
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for some {qi,h{Ny,he (0,/io]} C ,5), which imphes (Ojl . 

Estimates of the remainder. By virtue of ()4.2p and ()4.10p and the support properties of 
b^j, we see that there exist d'^j G S{{x)^-' {(,)^-' , g) supported in T^{R^/^,Ii,ai) \ T^{R, I,a) 
and q2,h{N) £ S{{x)~^ {^)~^ , g) such that 

\ i=o ^ j=o i=i 

Setting 4 = Ef=i/^^'4j, we have ^''J^ - JaR^ = Jh{S^,d+) + /i^+V;,(5+ g2,fc(A^)). We 
denote the distribution kernel of Jh{S^ ,d'^)e'^'^^^/'^ by q^^hiT, x,y): 

Then, by the same argument as that in [U Lemma 3.4], we have 

\d^S^{x,0-r^-d^S^iy,C)\>cil + T + \x\ + \y\), r > 0, he{0,ho], 

on the support of the amphtude d'^{x,^)c^{y,^), where c > is independent of t,x,y and h. 
Therefore, integrating by parts, we obtain that 

\d^d^^qs,h{r,x,y)\ < C^pMh^'-^'^+^K^ + r + \x\ + \y\r^'+^''+^\ r > 0, 

for any M > 0, uniformly in r > and h G (0, ho]. 

We now come into the proof of (|4.6p . Combining the ellipticity of g^'^ with ()4.ip . we learn 
that there exists Ci > 0, independent of h, such that 

+ Ci > C{\hDf , /iG(0,/io], 

which implies 

\\{Dr{H'^ + C^)-^/'\\,,^,, < Cs\\{Dr{hD)-^\\,,^^, < Csh-\ 
uniformly in /i G (0,/io]- Therefore, it remains to show 

sup \\{H'' + Ciy'^Qt^{t,h,N){DY\\^,^^,<CN,sh''-^'-\ /iG(0,/io]. 

Q<t<l/h 

The remainder is of the form: 

Q+ (t, h,N)=- /i^e-^*^'/^ O^MN) + qi,h{N)) 

JO 

where Qsir^h) is a integral operator with the kernel q3^h{T,x,y). Since the total symbol of 
{H^ + Ciy/^ Ovh{qo{N) + qi,h{N)){hDy belongs to 5((x)~^(0"^'^^', 5), the standard L^- 
boundedness of PDO imply 
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Using the L^-boundedness of J^{hD)^ = {{hD)^Jh)* (see, p^), we similarly obtain 

\\{H>^ + Cir/^A{S^,q2,h{N))e-'^'''^^j;{Dr\\L2^L^ < CN,sh-''. 
A direct computation yields, for any M > 0, 

\\{Hh + Cir/^Q^^r,h){Dr\\^,_^,<CM,sh^'-'' 

Since [H^+CiY^"^ commutes with g"**-'^'"/'^, these three estimates imply the desired estimate. □ 

The following lemma, which has been essentially proved by [25], tells us that one can still 
construct the semiclassical approximation for the original propag ator e-'*^"/'^ if we restrict the 
support of initial data in the region T^{R, J,a) H {x; \x\ < h'^^}. 

Lemma 4.4. Suppose that {a,^}h&{o,i] ^■^ ^ bounded set in S{l,g) with symbols supported in 
r+(i?, /, o") n {x; \x\ < h^^}. Then, there exists L > 1 such that, for any M,s > 0, h £ (0, /iq] 
and < t < h^^ , we have 

where Cm,s > is independent of h and t. 

In order to prove this lemma, we need the following. 

Lemma 4.5. Let fh G C°°(M'^) be such that for any a G Z*^, \d^f{x)\ < Ca uniformly with 
respect to h £ (0, /iq], and that supp//i C {|x| > L/h}. Let L > 1 be large enough. Then, under 
the conditions in Lemma \4^[ we have 

\\fn{x){Dye-^'^''/'^OvMr{DY\\L^^L^ < CM,s,,h'^"-\ 
for any s, 7 > and M > 0, uniformly with respect h £ (0, Hq] and < t < l/h. 
Proof We apply Theorem Ol to e"**^''/'^ Op;j(a^)* and obtain 

^-.*HV^Op,(a+)* = J,(S+,6+)e-*^o/^j,(5+ + Q+ (t,/,,Ar). 

By virtue of (gS]), the remainder fhix){DyQl^{t,h,N){Dy is bounded on ^^(R'^) with the 
norm dominated by CNs^h^~'^~'^~^ , uniformly with respect h € (0, /iq] and t G [0, l/h]. On the 
other hand, by virtue of ()4.4p . the phase of distribution kernel of Jh{S^, b'l)e~^^^o Jh{S^ , c^^)* , 
which is given by ^^{t,x,y,^) = - ^t\C\^ - S'/[{y,^), satisfies 

d^<l>tit, x, y, = {x- y){ld +0{R-^/^)) - t^. 

We here note that suppc^ C {(y,0 G M?'^;a^{y,d^S'/[{y,^)) / 0}. In particular, c^(y,^) 
vanishes in the region {y; \y\ > l/h}. We now set L = 2-^sup I2 + 2, where L2 is given in 
Theorem 14.61 Since \x\ > L/h, \y\ < l/h and G L2 on the support of the amplitude 
fh{x)b^{x,C)cl{y,Oj we obtain 

>c(l + |x| + |y| + |e|+t + /i-'), < t < h-\ 

for some universal constant c > 0. The assertion now follows from an integration by parts and 
the L^-boundedness of /i-FIO's. □ 
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Proof of Lemma \4-4\ For simplicity, we use the notation S{m, qq) with the metric qq = dx / {x) , 
i.e., /^G S{m,go) if and only if / G C~(M°') and = 0(m(x)(x)~l"l). At first we note 

that G 5((0^ + {x)^'^'{i),g) + ^o)- The Duhamel formula yields 

h Jo 



" JO JO 



where = — consists of the following two parts: 

^ E {^^a^'il - i^{hx/L))Ak + (1 - i:{hx/L))A,g^>^dk) , 

y ^(1 - 4^ihx/L)fg^''{l - i^{hx/L))A,Ak + (1 - ij{hx/L))V. 

In particular, Wq G S{{x)^~^{S),g) + S{{x)'^~'^ , go) and its coefficients are supported in {|x| > 
L/h}. By the support properties of and Wq, we have 

lKOp,(a+)*||^,_^^, <CM/i*', 

for any M > 0, provided that L > 1. Since the second term of Wq commutes with Vh, a 
symbolic calculus yields that [H'^,Wq] is decomposed into three parts: Wqi G S{{x)^^{S,)'^ , g), 
W^2 G S{{x)^-''{C),g) and W^^ G ^((a;)^-^^, ^o)- We set W^ = W^^ + ^oV % the Duhamel 
formula, we have 

^ 7o 

By the support properties of and W^^'*, we have 

||iyi'*Op;,(a+)*||^2^^2 < Cm/i^^ for any M > 0. 

Again, by the symbohc calculus, we can write [i^^, Wy \ = + W^i + VF/^g, where W^^ G 
5((a;>"''(0^5)> W^i2 e S{{x)^~'^^(,i),g) and l^fg G c/o) (notice that an additional 

decay factor {x)~^ is in the second and third terms). 

Setting W2 = Wi2 + Wi^, we iterate this procedure. Then, we can find a positive number A'^, 
depending only on /i, such that (g"**''^''/'^ — g"**-'^''/^) Op^io-h)* '^^^ written in the following 
form (modulo 0{h°°) on L^' 



t>si>--->Sfj„>0 



where W^^ G 5((x)~''(0 + + S{{xy,go) with some 1/ = u{lJi,N^) > 0. More- 

over, the coefficients of W^^ are supported in {x; |x| > L/h}. We now apply Lemma 14.51 to 

Wn^c'"''^''"''/^ Op f,{a^)* and obtain the assertion. □ 
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We now come into the proof of Proposition 13.11 
Proof of Proposition \3.1[ Rescaling t — t- th, it suffices to sliow 

II Op,(a+)e-*^'V/^Op,(a+)*||^,^^^ < C,\th\-'^/', 0< \t\ < h-\ 
where = h^H. Le Ah{x,y) be the distribution kernel of Opj^{a^): 

Since G S{l,g) is compactly supported in / with respect to ^, we easily see that 
sup / |A(a:,y)|(iy + sup / \Ah{x,y)\dx < C, /iG(0, 1]. 

X J y J 

On the other hand, since (0**^^ (0'^ ^ '5(1,5') for any 5,7, we have 

\\{DrOp,{a+){Dy\\^,^^,<Csh-^-^. 

Combining these to estimates with Theorem 14.31 and Lemma 14.41 we can write 

Op Ja+)e-^*^'/'^ Op;,(a+)* = K^{t, h, N) + K2{t, h, N), 

where Ki{t,h,N) = Op;,(a^) 6^)e-^*^o //^ c^^)* and its distribution kernel, which 
we denote by Ki{t,x,^), satisfies dispersive estimates: 

\Ki{t,x,y)\ < j \Ah{x,z)\\Kg+{t,z,y)\dz < CnM-'^^^ 0<t< h-\ 

uniformly in h G (0, ho]. On the other hand, since 

\\{DrOp^,{at){Dr\\^,^^, < C,h-^\ h G (0,1], 
()4.6p and Lemma 14.41 imply 

\\{DYK2{t,h,N){DY\\^,^^,<CN,sh''-^'-\ 

If we choose N > d/2 + 2, then it follows from the Sobolev embedding that the distribution 
kernel of K2{t,h, N) is uniformly bounded in M^'^ with respect to /i S (0, /io] and < i < h~^. 
Therefore, Opj^{a'^)e~^^^'' Opi^{a'^)* has the distribution kernel K{t, x, y) satisfying dispersive 
estimates for < t < 

\K{t,x,y)\<CN\th\-~''/^, x,yeM''. (4.11) 
Finally, using the following relation, 

Op,(a+)e-^*^'^/''OpJa+)* = (Op,(a+)e^*^'^/'^ Op,(a+)*) * , 



we learn K{t, x, y) = K{—t, y, x) and ()4.1ip also holds for < —t < h ^. For the incoming case, 
the proof is analogous and we omit it. □ 
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5 Fourier integral operators with time dependent phase 



Throughout this section we assume Assumption 11.11 with /U > 0. Consider a symbol Xe £ S{l,g) 
supported in a region 

n{e) :={(x,0GM'';(^>>e|C|/2}, 

where e > is an arbitrarily small fixed constant. In this section we prove the following 
dispersive estimate: 

\\C>v{Xe)e-''" OviXeTWL^^L^ <Ce\t\-'"\ < |t| < t„ 

where te > is a small constant depending on e. This estimate, combined with the L^- 
boundedness of Op(xe) and e~**^, implies Strichartz estimates for Op(x£)e~**^. 

Let us give a short summary of the steps of proof. Recall that denotes the total 

energy. Choose xt ^ S{l,g) so that suppx* = suppxe and Op(xe)* = Op(Xe) + Op(rAr) with 
some r^r G S{{x)~^ {^)~^ , g) for sufficiently large > d/2. We first construct an approximation 
for e~**^ OpiXe) terms of the FIO with a time dependent phase: 

J(vI/,6^)/(x) = ^ I e*(*(*'-'«)-^'-«)6(t,x,e)/(y)«, 

where ^' is a generating function of the Hamilton flow associated to and ((9^^,^) i— t- 

(x, is the corresponding canonical map, and the amplitude 6 = 6o + ^2 + • • • + ^Af-i solves 
the corresponding transport equations. Although such parametrix constructions are well known 
as WKB approximations (at least if x* is compactly supported in ^ and the time scale depends 
on the size of frequency), we give the detail of proof since, in the present case, suppx* is not 
compact with respect to ^ and is independent of the size of frequency. The crucial point is 
that p{x,^) is of quadratic type on Q(e): 

\d^dlp{x,0\<Cap, (x,Oen(e), \a + /3\>2, 

which allows us to follow a classical argument (due to, e.g., [21j) and construct the approximation 
for |t| < if > is small enough. The composition Op{xe)Ji^ , b) is also a FIO with the same 
phase, and a standard stationary phase method can be used to prove dispersive estimates for 
< |t| < t^. It remains to obtain the — )• bounds of the remainders Op(x£)e~**^ Op(rAr) 
and Op(xe)e-^*^(Op(x*) - J(^', b^)). If e"^*^ maps from the Sobolev space H'^/^{R'^) to itself, 
then — )• L°° bounds are direct consequences of the Sobolev embedding and L^-boundedness 
of PDO. However, our Hamiltonian H is not bounded below (on {|x| > |^|}) and such a property 
does not hold in general. To overcome this difficulty, we use an Egorov type lemma as follows. 
By the Sobolev embedding and the Littlewood-Paley decomposition, the proof is reduced to 
that of the following estimates: 

5]||2^-^5,(Z))Op(x.)e-*^Op(r^)(Z))Vlli. < C\\f\\l,, (5.1) 
i>o 

where 7 > d/2 and Sj is a dyadic partition of unity. Then, we will prove that there exists 
r]j{t, •, •) G S{l,g) such that 

2^ < C(l + |x| + Id) on supp7?j(t), 
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and that 

5,p)0p(x.)e-**^ = e-^*^Op(r/,(t)) + Oi2^i2(2--''^), |t| < « 1. 

Choosing 6 > with j + 6 < N/2, we learn that 2^'-^'+^^r]j{t)rN{0'^ G S{l,g) and hence (f^ . 
Op(xe)e~**^(Op(Xe) — J(^,6)) can be controlled similarly. 

5.1 Short-time behavior of Hamilton flow 

This subsection discusses the classical mechanics generated by p{x,^). We denote the solution 
to the following Hamilton equations by {X{t),E{t)) = {X{t,x,^),E{t,x,^)): 

Xj = ^{X,E) = Y,9'Hxm-A,iX)), 

k 

^ dp , 1 \ - dg^'' 



{X, H) = -- ^ ^iX)i^k - A,{X)){Ei - MX)) 



dxj 2 ^ dxi 

■> k,l ■> 

k,l 

with the initial condition (X(0),H(0)) = (x,.^), where / = dtf ■ We first observe that the flow 
conserves the energy: 

p{x,i)=p{X{t),E{t)), 

which implies k{X, H) = k{x, ^) + 0(|^| {x) + (x)^ + |H| {X) + {X)'^). Combining with the uniform 
ellipticity of k{x,S^), we have 

\X{t)\ + \E{t)\ < C(l + 1^1 + \x\ + \X{t)\ + \E{t)\). 

Applying Gronwall's inequality to this estimate, we obtain an a priori bound: 

\X{t)-x\ + \E{t)-C\ <CT\t\{l + \x\ + \C\), \t\ <T, x,C£R'^. 

Using this estimate, we obtain more precise behavior of the flow with initial conditions in Q{e). 

Lemma 5.1. Let e > 0. Then, for sufficiently small > and all a, /3 G Z'j., 

\d^dl{x{t,x,0-x)\ + \d^dl{E{t,x,0-^\ < a/3.|tKx)^~i"+^i, 

uniformly with respect to G {—ti;,ts) x Q(e). 

Proof. We only consider the case when t > 0, the proof for the case i < is similar. Let 
(x,^) G Q{e). At first we remark that for sufficiently small ts > 0, 

|x|/2 < |X(t,x,0| < 2|x|, \t\<ts. (5.2) 

For |a + /3| = 0, the assertion is obvious. We let |a + /3| = 1 and differentiate the Hamilton 
equations with respect to d"d^: 

d_ ( X\ ^ / d,d^p{X, E) dlp{X, E) \( d-d^^x\ 

dt [d^d^Ej [-d'Mx,E) -d^dMx,E)J [d-d^Ej- ^ ■ ^ 
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Using (|5.2p . we learn that p{X{t),E{t)) is of quadratic type in ^l{e): 

All entries of the above matrix hence are uniformly bounded in (t, x, ^) G (— te, ^e) x Q{e). Taking 
ts > smaller if necessary, integrating (|5.3p with respect to t and applying Gronwall's inequality, 
we have the assertion with |a + /3| = 1. For |a + /3| > 2, we prove the estimate for (9|^X(t) and 
only, where ^ = ('^i,'^2) ■■■T^.d)- Proofs for other cases are similar, and proofs for higher 
derivatives follow from an induction on |a + By the Hamilton equation, we learn 

j^dlXit) = d,d^piXit),Eit))dlXit)+dlpiXit),Eit^^^^^^ 
where Q{X(t),E{t)) satisfies 

|a+/3|=3,|/3|>l 
< Ce{x)-\ 



-dlEit) = -dlp{X{t),E{t))dlX{t) - d^dMX{t),E{t))dlE{t) + 0{{x)-'] 



We similarly obtain 

d_ 
'dt 

Applying Gronwall's inequality, we have the desired estimates. □ 
Lemma 5.2. (1) Let > 6e small enough. Then, for any \t\ < tg, the map 

g{t):{x,C)^{X{t,x,(),0 

is a diffeomorphism from il.{e/2) onto its range, and satisfies 

n{e) C g{t,n{e/2)) for all \t\ < te- 

(2) Let r2(e) B (x,^) i— t- (y(t, x, .^), ^) G il.{e/2) be the inverse map of g{t). Then, Y{t,x,S^) and 
E{t,Y{t,x,(,),^) satisfy the same estimates as that for X{t,x,^) andE{t,x,^) of Lemma 15. iL 
respectively: 

(y(t,x,o - x)\ + (H(t,y(t,x,e),0 - ^1 < c^pe\t\{x)^-^''^^\ 

uniformly with respect to {t,x,(,) £ {—t£,t^) x ^}(e). 

Proof. Choosing a cut-off function p G S{l,g) such that < p < 1, suppp C Q{e/3) and p = I 
on Q(e/2), we modify g{t) as follows: 

gp{t, X, = {Xp{t, X, e), 0, Xp{t, X, e) = (1 - p{x, 0)x + p{x, OX{t, X, 0- 

gp{t,x,£^) is then obviously smooth with respect to (x,^) and Lemma ETT] implies 



\d'^dlgp{t,x,0\<C^Pe, + 



> 1, 
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where J{gp) is the Jacobi matrix with respect to (x, ^). Choosing > so smah that Ct^ < 1/2, 
and applying the Hadamard global inverse mapping theorem, we see that, for any fixed \t\ < t^, 
gp{t) is a diffeomorphism from M^'* onto itself. By definition, g{t) is diffeomorphic from il{e/2) 
onto its range. Since gp{t) is bijective, it remains to check that 

nief:^ gp{t,n{e/2Y), \t\<t,. 

Suppose that (x,.^) E il(e/2)'^. If (x,^) G il(e/3)'^, then the assertion is obvious since gp{t) = Id 
outside r2(e/3). If (x,^) G r2(e/3) \ J7(e/2), then, by Lemma [5TT] and the support property of p, 
we have 

\Xp{t,x,0\ < \x\ + p{x,mx{t,x,0-x)\ < {e/2 + Cots){0 

for some Cq > independent of x,.^ and t^. Choosing te < e/(2Co), we obtain the assertion. 
We next prove the estimates on Y{t). Since (y(t,x,^),^) € ri(e/2), we learn 

\Y{t, X, - x| = |X(0, X, 0,0- ^(i, a:, 0,61 
< sup X, — x\ 

<Ce\t\{x). 

For a,/3 G with |a + /3| = 1, apply d^d^ to the equality x = y(t, x, 0, 0- We then have 
the following equality 

A{t, Z{t, X, 0)9^9f (y (t, X, - ^) = d^d^iy - X{t, y, v))\iy,^)=zit,x,0 > 

where Z(t,x,0 = (^(i,2;,0,C) a-nd A{t,Z) = (dxX){t, Z) is a d x d-matrix. By Lemma l5.ll 
and a similar argument as that in the proof of Lemma 15.21 (1). we learn that A{t,Z(t,x,S^)) is 
invertible if > is small enough, and that A{t, Z(t,x,^)) and A(t, Z{t,x,^))~^ are bounded 
uniformly in (t,x,^) £ {—t^,te) x il{e/2) . Therefore, 

d^d^JYit,x,0-x) <C,/3 sup \d^dlix-X{t,x,0)\ 

(x,0en(£/2) 



< Cal3\t\{x' 



l-|a+/3| 



Proofs for higher derivatives are obtained by an induction with respect to |a + /3| and proofs for 
E{t,Y{t,x,^),^) ave similar. □ 

5.2 The parametrix for Op(xe)e^**^ Op(x£)* 

Before starting the construction of parametrix, we prepare two lemmas. The following is an 
Egorov type theorem which will be used to control remainder terms. We write exptHp{x,S,) = 
(X(t,x,0,H(t,x,0). 

Lemma 5.3. For h G (0,1], consider a h-dependent symbol r]fi G S{l,g) such that suppry/^ C 
n {l/(2/i) < |,^| < 2/h}. Then, for sufficiently small t^ > 0, independent of h, and any 
integer N > 0, there exists a bounded family of symbols {rj^ (t, •, •); |t| < t^, < /i < 1} C S{l,g) 
such that 

s^VPVh (^, •> •) C exptiJp(suppr//,), 
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and that 

uniformly with respect to < h < 1 and \ t\ < t^. 

Proof. Let r]^{t,x,(,) = r]h{ex.ptHp{x,£,)) = r]h{X{t,x,(,),E{t,x,(,)). It is easy to see that 
suppr/JJ C exptHp{suppr]h). Moreover, Lemma [5.11 implies that {r/2;0 < t < te,0 < h < 1} 
is a bounded subset of S{l,g). By a direct computation, r/^ solves 

diVh + {P, Vh} = 0; Vh\t=o = Vh, 

where {•, •} is the Poisson bracket. By a standard pseudodifferential calculus, there exists a 
bounded set {r^{t, •, •); < t < t^, < /i < 1} C S{l,g) with suppr^ C suppr/JJ such that 

f^0p{4) + i[H,0p{4)] = h0p{rl). 

We next set 

^hii^x,^)= / rl{s,X{s-t,x,^),E{s-t,x,C))ds. 
Jo 

Again, we learn that ^ t < te,0 < h < 1} C S{l,g) is bounded and that suppr/^ C 

exptifp(suppr//j) for all < t < and < h <1. Moreover, r]j^ solves 

dtVh + {P, Vh} = rl; Vh\t=o = 0, 

which implies 

^ Op(r?o + hvl) + i[H, Op{4, + hvl)] = Op{rl). 

with some {r\;0 < t < t^, < /i < 1} C S{l,g) and suppr^ C supp7?JJ. Iterating this procedure 
and putting rj^ = J2f=o ^''''fh^ obtain the assertion. For —t^ < t < 0, the proof is analogous. 

□ 

Using this lemma, we have the following. 

Lemma 5.4. Let e > 0. Then, for any symbol Xe G S{l,g) with suppxe C $7(e) and any integer 
N > 0, there exists xt S S{l,g) with supple C r2(e) such that for 2j < N, 

sup II Op{Xe)e-'^^ OpiXsT - Op{Xs)e''^^ Op{x*e)\\H-'<iR'i)^HfiR'i) < Cn^s 

Proof. By the expansion formula (|2.4p , there exists xt ^ S{l,g) with suppx^ C fl{e) such that 

Op(x.)* = Op(x:) + Op(ro(iV)) 
with some ro{N) G S{{xy^ {S,)'^ , g). For 5 > with 27 + 5 < iV, we split 
{Dy Opixs)e~'''' Op{roiN)){Dy 

= {DyOp{xe)e-''''{D)-'-'{x)-^-' ■ {xy^'{Dy+'Op{ro{N)){Dy. 
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Since {xy^\0''^^ro{N){^y E 5(1,5), Op(ro(A^))(D)^ is bounded on L^. In order 

to prove the L^-boundedness of the first term, we use the Littlewood-Paley decomposition and 
Lemma 15.31 as follows. Consider a dyadic partition of unity with respect to the frequency: 

oo 
j=0 

where Sj{S,) = S{2~^C), j > 1, with some S G C^(R'^) supported in {1/2 < |^| < 2} and 
So G C^{R'^) supported in {|^| < 1}. Then, 



{DyOp{xe)e'''''{D)-''~\x)-^''f\\ 



L2 

1/2 



(CXJ \ 
5]||2^-^S,-(D)Op(x.)e-*^(Z))-^-^x)-^-Vll'. 

By the expansion formula ()2.3p . there exists T]j G S(\^g) such that supp?7j C 0(e) n {2-'"^ < 
1^1 < 2^+1}, and that 

S,{D) Op(xe) = Op(r?,) + 0,.2^i2(2-^'^). 
By Lemma 15.31 with h = , there exists a symbol f]^ {t) G S{l,g) such that 

Op(r?,)e-*^ = e-*^ Op(r?f (t)) + 0,.2_z.2(2-J-^). 
Since > 7 + 5, the remainders satisfy 

Suppose that {x,^^) G suppr7j^(t). Since supp??j^(t) C exp t//p(supp ??j), we have 

\Xi-t,x,0\ > e{E{-t,x,0), 2^-1 < \E{-t,x,0\ < 2^'+'. 
Using Lemma l5 . 1 1 with the initial data (X(— t), H(— t)), we learn 

\X - X{-t,X,0\ + H(-t,X,0| < Cte{X{-t,X,0)- 

Combining these two estimates, we see that (x,^) G n{e/2) and 

2^' < C(l + |x| + ICI), \t\<te, 

with some C > independent of x, ^ and t, provided that > is small enough. Therefore, 
2^('y~^^^r]j^ (^t){^)~^~^ {x)~^~^ g S'(l,5') and the corresponding PDO is bounded on L^. Finally, 
we conclude 

00 

5]||2^-^Op(r?,)e-'*^(I))-^-^x)-^-V|lL 

j=0 



< (ii2^^-^2^-(^+^) opiv^ mD)-^~\xr'~'f wl^ + '2-'''\\f\\h 

j=0 



00 



<cj2^-'''\\f\\l^ 

j=0 

<c\\f\\l., 

which completes the proof. □ 
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We next consider a parametrix construction of Op(xe)e ^''^ Op{Xe)- Let us first make the 
following ansatz: 

"'^^''^^ = (2^/ e*^*^*'"'^^"'-^^^'^(i,^,6/(y)«, 

where = X^^^^^ bj. In order to approximately solve the Schrodinger equation 

idtv{t) = Hu{t); v\t=o = Op(x*)<^, 

the phase function and the amplitude 6^ should satisfy the following Hamilton-Jacobi equation 
and transport equations, respectively: 

dt^ + p{x,d,^) = 0; ^t=o = x-(, (5.4) 

dtbo + X ■ dxbo + ^bo = 0; 6o|i=o = Xe, 

dtbj + X • d^bj + + iKbj-i = 0; bj\t=o = 0, 1 < j < N - 1, 
where K is the kinetic energy part of H and a vector field X and a function V are defined by 

We first construct the phase function ^. 

Proposition 5.5. Let us fix e > arbitrarily. Then, for sufficiently small ts > 0, we can con- 
struct a smooth and real-valued function € C°°((— te,te) x M^'^;M) which solves the Hamilton- 
Jacobi equation (|5.4p for (x,^) G ^(s) md \t\ < t^. Moreover, for all a, (3 ^ x,^ £ and 
\t\ <te, 

\d'^dl{^{t, x,i)-x-i + tp{x, e)| < (5.6) 
where CajSs > is independent of x,^ and t. 

Proof. We consider the case when t > 0, and the proof for t < is similar. We first define the 
action integral ^(i,x,^) on [0, t^) x il(e/2) by 

^{t,x,0 :=x-C+ f L{X{s,Y{t,x,0,0,^(.s,Y{t,x,0,0)ds, 
Jo 

where L(x,^) = ^ • d^p{x,^) — p{x,^) is the Lagrangian associated to p(x,^), and X,E and Y 
are given by Lemma 15.21 (2) with e replaced by e/2. The smoothness of ^'(t, x,^) follows from 
corresponding properties of X{t), H(t) and Y{t). It is well known that ^'(t,x,^) solves the 
Hamilton-Jacobi equation 

dt^{t,x,0+p{x,d^^{t,x,0) = 0; ^t=o = x-t 

for (x,^) G r2(e/2), and satisfies 

d,^{t,x,0 = E{t,Y{t,x,0,0, di:^{t,x,0 = Y{t,x,0- 
Lemma E2] (2) shows that p{Y{t,x,^),S,) is of quadratic type: 

|a-5fp(y(t,x,C),e)| < C„/3,(x)2-l°+/^l, (t,x,e) G [0,te) X n{e/2), 
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which, combined with the energy conservation 

p{x,d^^{t,x,0) =p{Y{t,x,^),^), 

imply 

We similarly obtain, for {t,x,£,) G [0, t^) x Q{e/2), 
\pix,d^^{t,x,()) -p{x,0\ 

= (d,^{t,x,0)-^) ■ 1^ {d^p){x,ed^^{t,x,0) + {i-o)Ode 

<Ce\t\{xf, 

and, more generally, 

\d^d^^{pix,d,^{t,X,0)-p{x,m < C„/3e|t|(x)'-|"+^l. 

Therefore, integrating the Hamilton-Jacobi equation with respect to t, we have 

\P ( ^,(+ ^ _ ^ . C _L C\\ \ ^ n „ l + |2/^\2-|a+^| 



\dldl [^(t,x,i)-x-i + tp{x,i)^^ I < C7„^,|t|^( 

Finally, choosing a cut-off function p G S(\,g) so that < p < 1, p = 1 on and suppp C 
0(e/2), we define 

^'(t, X, := X • e - e) + p{x, X, - X • e + e))- 

^'(t,x,^) clearly satisfies the statement of Proposition 15.51 □ 

Using the phase function constructed in Proposition 15.51 we can define the FIO, J(^',a) : 
S ^ S' by 



(2vr)^ ^ 

where a G ^(l,^). Moreover, we have the following. 

Lemma 5.6. Let > be small enough. Then, for any bounded family of symbols {a{t); \t\ < 
tj} C S{l,g), J(^',a) is bounded on L^(]R'^) uniformly with respect to \t\ < t^: 



sup||J(^,a)||^.^^. <C,. 

\t\<te 

Proof. For sufficiently small t^ > 0, the estimates ()5.6p imply 

\{d^ d,^){t,x, -ld \ < Cete < 1/2, \d^d^^^{t,x,0\<Capsioi \a + (3\ > 2, 

uniformly with respect to G (— x M^'^. Therefore, the assertion is a consequence of 

the standard L^-boundedness of FIO, or equivalently Kuranishi's trick and the L^-boundedness 
of PDO (see, e.g., [27] or [251 Lemma 4.2]). □ 

We next construct the amplitude. 
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Proposition 5.7. Let ^ be the phase function as in Proposition 15.51 with e replaced by e/3. 
For any integer N > 0, there exist families of symbols {bj(t,-,-);\t\ < tg} C S{{x)^-^ {S^)^-' ,g), 
j = 0, 1, 2, — 1, such that supp6j(t, •, •) C 0,{e/2) and bj solve the transport equations (j5.5p . 

Proof. We consider the case t > only. Recall that a vector field X and function y are defined 
by 

X{t, X, := {d^k)ix, d,^{t, X, 0), y (t, X, := -{K^Kt, x, 0, 

respectively. Symbols bj can be constructed in terms of a standard method of characteristics, 
along the flow generated by X, as follows. For all < < t^, we consider the solution to the 
following ODE: 

dtz{t, s, X, = X{z{t, s, X, 0,0; ^(s, s) = X. 
Since X(t,x,0 is of linear type on r2(e/3), that is 

\d^d^^X{t,x,0\ < {x,0 G ^{em, 

by a same argument as that in the proof Lemma ISTTl z{t, s) is well defined on 0,{e/3) and satisfies 

\d^d^^{z{t,s,x,0-x)\ < {x,0 e ^{em. (5.7) 

bj{t), < j < N , are defined inductively by 



y{s,z{s,t,x,^),(,)ds 



bo{t,x,C) = x*(2(0,t,x,0,0exp 
bj{t,x,i) = - j {iKbj^i){s,z{s,t,x,^),(,)ex.p (^j ^{u, z{u,t,x,^),^,)dv^ ds. 

Since suppXe C ^{e), using (|5.7p and a same argument as that in the proof of Lemma [5^2] (1). 
we see that d^d^bj{t,x,^) are supported in i7(e/2) for all a,/3 G Z'^. Thus, if we extend bj on 
M^'^ so that bj{t,x,^) = outside Q{e/2), then bj is still smooth in (x,^). Since V(t,x,0 satisfies 

< C„;3(x)-l"+''l, (x,0 G f^(e/2), < i < t„ 

G [0,t£], < J < — 1} is a bounded set in S{{x)'-' {S,)^'-' , g). Finally, a standard 
Hamilton- Jacobi theory shows that bj{t) solve the transport equations (|5.5p . □ 

We now state the main result in this section. 

Theorem 5.8. Let us fix e > arbitrarily. Then, for sufficiently small > 0, any nonnegative 
integer N > and any symbol Xe £ S{l,g) with suppxe C ^{e), we can find a bounded family 
of symbols {a^(i, •, •); |t| < t^} C S{l,g) such that Opixs)^^^^^ Op{Xs)* can be brought to the 
form 

Op(Xe)e-**^ Op(xe)* = a^) + Qit, N), 

where J(^,a^) is the FIO with phase ^(t, a;,^ constructed in Proposition 15.51 with e replaced 
by e/3. The distribution kernel of J{^,a^), which we denote by ^N{t,x,y), satisfies the 
dispersive estimate: 

\K^„N{t,x,y)\ < CN,e\t\-'^/^, 0<\t\< te, x,e G M"^. 
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Moreover, for any 7 > with N > 27, the remainder Q{t,N) satisfies 

\\{DyQ{t,N){Dy\\^,_^^, < Cn^M \t\ < t,. (5.8) 

In particular, if we choose N > d + 1, then the distribution kernel of Q{t,N) is uniformly 
bounded in M?'^ with respect to \t\ < tg, and hence 

l|Op(x.)e-^*^Op(x.riLi^i- <Ceir''/', 0<\t\<te. 

Proof of Theorem \5.8[ We consider the case when t > and the proof for t < is similar. 
By virtue of Lemma [531 may replace Op(xe)* by Op(Xe) without loss of generality. Let 
= Ylf=o with bj constructed in Proposition 15.71 Since J(^',6^)|t=o = Op(x*), we have 
the Duhamel formula 

Op(x.)e-^*^ Op(x:) = Op{xe)J{^, b^) + i f Op(x.)e-^(*-^)^(A + H)J{-^, 6^)|t=.ds. 
Estimates on the remainder. It suffices to show that 

sup \\{D)^OY>{Xe)e'''"{Dt + H)J{^,b''){D)^\^,^^,<CN,e. 

\t\<te 



Since bj solve the Hamilton- Jacobi equation (j5.4|) and transport equations (j5.5p . respectively, 
a direct computation yields 

with some {r7v(t, •> < i < ie} C S{{x)^^ {0^^ , g). In particular, 

{Dt+H)J{^,b^) = J{^,rN). 
A standard L^-boundedness of FIO then implies 

sup \\{xy+\Dy^'ji^,rM){Dy\\L,^L.<CN^5, 

\t\<te 

for any 7, (5 > with 2^ + 6 < N. Since we already proved that 

sup \\{Dy Op{xe)e-'''' {D)-^~\x)-^-\,^^, < C,s, 
\t\<t, 

we obtain the desired estimate. 

Dispersive estimates. By the composition formula of PDO and FIO (cf. t27j), the composition 
OpiXe)J{'^,b^) is also a FIO with the same phase and the amplitude 

a^{t,x,^) = j^ j e'y'^Xe{x,r] + E{t,x,y,0)b^{t,x + y,Odydrj, 

where E{t, x, y, ^) = fQ{dx^){t, y + X{x — y),^)dX. By virtue of ()5.6p . H satisfies 
\d^d^' d^^{E{t,x,y,0 - 0\ < Caa'/^\tl \a + a' + (3\>l. 
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Combining with the fact that Xsi b E 5(1, (7), suppxe C r2(e) and supp6 (t, •, •) C i7(e/2), we 
see that {a'^; < t < tg} is bounded in S{l,g). The distribution kernel of J{^, a^) is given by 

By virtue of Proposition 15.51 we have 

sup \dy^dJ{^{t,x,0-yO\<Ca^, |a + /3 + 7l >2, 

\t\<te 

dl^it,x,0 = -t{g^H^)kk + O(t'), \t\ ^ 0. 

As a consequence, if > is smah enough, then the phase function ^'(t, x, ^) — y • ^ has a unique 
non-degenerate critical point for ah \t\ < t^, and we can apply the stationary phase method to 
K^, (t, X, y). Therefore, 

\K^^^N{t,x,y)\ < C7|t|-^/2, < |t| < te, x,e G M"^, 

which complete the proof. □ 



6 Proof of Theorem 11.41 

Suppose that H satisfies Assumption 11.11 with /i > 0. In this section we give the proof of 
Theorem 11.41 In view of Corollary 12.51 (|1.4|) is a consequence of the following proposition. 

Proposition 6.1. For any symbol a G C^(M.'^''-) and T > 0, 

\\Oph{a)e~'^^ip\\LP([-T,T];Li{]R'l)) < C't/i""^''^! 1 | i2(Kd) , 

uniformly with respect to h G (0,1], provided that {p,q) satisfies (|1.1|) . 

Proof. This proposition follows from the standard WKB approximation for e~**^ Op;^(a) up to 
time scales of order 1/h. The proof is essentially same as that in the case for the Laplace- 
Beltrami operator on compact manifolds without boundaries (see, [61 Section 2]), and we omit 
details. □ 

Using this proposition, we have the semiclassical Strichartz estimates with inhomogeneous 
error terms: 

Proposition 6.2. Let a G Cq°{M?'^). Then, for any T > and any {p,q) satisfying the admis- 
sible condition (jl.l|) . 

II Op,,(a)e"'*-^y?||iP([_;r,T];M(K'')) < CtII Op;,(a)(/9||i2(Kd) +CT/l||(/9||i2(iRd) 

+ Ch-^/^W Op^(a)e-^*^(^||i2([_2.,T];L2(Rd)) 

+ C/iV2||[Op,(a),i/]e-**^(^||^2([_r,r];L2(R^)), 

uniformly with respect to h £ (0, 1] . 
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This proposition has been proved by [4j for the case with V,A = 0. We give a refinement of 
this proposition with its proof in Section [71 

Next, we shall prove that if k{x,^) satisfies the nontrapping condition (jl.3p . then the missing 
\/p derivative can be recovered. We first recall the local smoothing effects for Schrodinger 
operators proved by Doi [H]. For any s e M, we set 'B" := {/ E L'^{R'^); (x)7, G L^iR"^)}. 

Define a symbol es(x,^) by 

e,(x,0 := ikix,0 + \x\^ + L{s)y/^ e + |x| + |e|)^<7), 
where L{s) > 1 is a large constant depending on s. We denote by Eg its Weyl quantization: 

EJix) = Optics) fix) = -^1 e'^^-yy^es /(2/)«. 

Then, for any s G M, there exists L{s) > such that Eg is a homeomorphism from 23''"'"* to 23 
for all r G M, and {Es)~^ is still a Weyl quantization of a symbol in ^((l + \x\ + \C\)~^,g) (see, 
[ni Lemma 4.1]). 

Proposition 6.3 (The local smoothing effects [H]). Suppose that A;(x,^) satisfies the nontrap- 
ping condition (|1.3|) . Then, for any T > and a > 0, there exists Ct^o > such that 

Wix)-'^'^-" Ey2e~'^" <^\\^2(^^_T^Ty^L^(^^a)) < CT,a\ML2^^dy (6.1) 

Remark 6.4. (|6.ip implies a standard local smoothing effect: 
Indeed, we compute 

= {Df\E„2)-^ [{x)-'/'--E,/, + [Ey,, (x)-i/2-n) + [(z))l/^ (x)-i/2-n- 

It is easy to see that {D)^^'^{Ei/2)~^ , [E1/2, {x)^^^'^^'^] and [{D)^^'^, {x)~^^'^~"] are bounded on 
L'^{W^) since their symbols belong to S{l,g). Therefore, (j6.ip implies (j6.2p . 

Proof of (jl.Sp 0/ Theorem \1.4\ It is clear that (jl.Sp follows from Proposition 16. 2| (|6.2p and 
Corollarv 12.51 since o is compactly supported with respect to x and {a,p} £ S{{(,),g), where 
P = p{x,0- n 

7 Strichartz estimates with loss without asymptotic flatness 

This section is devoted to prove Theorem ll.51 We may assume ^ = without loss of generality. 
We begin with the following proposition. 
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Proposition 7.1. Let I d (0, oo) be an open interval and Co > 0. Then, there exist (5o,/io > 
such that for any 0<5<6o,0<h< ho, 1 < R < 1/h and any symbol ah G S{l,g) supported 
in {{x,S,);R < \x\ < Co/h, \^\ £ I}, we have 

l|Op;,(a,,)e-**^Op^(a;,)*||ii^^.o < C^|^r'^/^ < |t| < 5hR, (7.1) 

where Cs > may be taken uniformly with respect to h and R. 

Remark 7.2. When |t| > in (j7.ip is small and independent of R, then Proposition 17. 1 1 is well- 
known and the proof is given by the standard method of the short-time WKB approximation 
for e-'^^'^/'^Ophiah)* (see, e.g., [6]). 

For h £ {0,1], R > 1, an open interval / (s (0, oo) and Cq > 0, we set 

T{R, h, I) := {{x, e) G M^'^; i? < |x| < Co/h, \^\ e I}. 

Proposition 17.11 is a consequence of the same argument in the proof of Proposition 13.11 and 
the following proposition, which is a refinement of the standard WKB approximation for the 
semiclassical Schrodinger propagator: 

Proposition 7.3. Let / d /i d (0, oo) and Co > 0. Then, there exist So^ho > such that the 
followings hold for any < 6 < 5o, < h < ho and 1 < R < Co/h. 

(1) There exists <^h{t,x,^) G C^{{—6R,6R) x M^'^) such that solves the following Hamilton- 
Jacobi equation: 

dt^h{t,x,^) = -Ph{x,d,<^>h{t,x,0), \t\<6R, {x,()eT{R/2,h/2,Li), 
<Ph{0,x,O=x-^, {x,Oer{R/2,h/2,Ii), 

where ph is defined in the beginning of Section O Moreover, we have 

\d^dl{^h{t,x,C)-x-^ + tph{x,C))\<Ca(3R-^''^h\tf, a,/3GZt (7.3) 

uniformly with respect to x,^ £ M'^, h G (0, ho], < R < Co/h and \t\ < 6R. 

(2) For any a G S{l,g) with supp a G T{R, h, /) and any integer N > 0, we can find [t, •, •) G 
S{l,g) such that 

^-itn^lh Qp^(^)* ^ j^^^^^ ^ QwKBit, h, N), 

where Jh{^h,b^) is the h-FIO with the phase function cLnd the amplitude b^ , and its distri- 
bution kernel satisfies 

\KY^KB{t,h,x,y)\ <C\th\-'^/\ he {0,ho], <\t\ <SR, x,^ eR"^. (7.4) 

Moreover the remainder QwKBit,h, N) satisfies 

\\{DyQy^KB{t,h,N){Dr\\^,^^2 < CN,sh^-^'\t\, h G (0,/io], \t\ < SR. 
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Sketch of the proof. The proof is similar to that of Theorem 15.81 and, in particular, the proof 
of the second claim is completely same. Thus, we give only the outline of the construction of 
^h. We may assume Cq = 1 without losing generality. Let us denote by {Xh,'^h) the Hamilton 
flow generated by p^. To construct the phase function, the most important step is to study the 
inverse map of (x,^) i— )• {Xh{t,x, Choose an open interval Ii so that Ji (s Ii (e (0, oo). 
The following bounds have been proved by 



\d^d^^iXh{t,x,0-x)\ + {x)\d^dl{Eh{t,x,0-0\ < C,/3(x)-l"l|t|, 

for (x,^) G r(i?/3, /i/3, /i) and \t\ < 6R. For sufficiently small 6 > and for any fixed \t\ < 6R, 
the above estimates imply 

\d^Xh{t) - Id I < CR-^\t\ <C6 < 1/2. 

By the same argument as that in the proof of Lemma \5.2\ the map (x,^) i— )• {Xh{t,x,(,),S,) 
is a diffeomorphism from T(R/3,h/3,Ii) onto its range, and that the corresponding inverse 
{x,0 ^ {Yh{t,x,^),^) is well-defined for |t| < SR and G T{R/2, h/2, h). Moreover, Xh{t) 

satisfies the same estimates as that for Xh{t): 

<C,;3(x)-l"l|t|, \t\<5R, er(i?/2,V2,/i) 

We now define by 

^h{t,x,0 :=x-e + / Lh{Xh{s,Y{t,x,0,0,^is,y{t,x,0,0)ds, 
Jo 

where Lh = ^ ■ d^ph — Ph- By the standard Hamilton-Jacobi theory, solves ()7.2p . Moreover, 
using the estimates on Xh,S,h and yh, we see that 



\Ph{d^'^h,0 -Phix,0\ < \yit)-x\ 



{d,ph)iXyh{t)-{l-X)x,OdX 



<C\y{t)-x\{h + h^{xf) 
< Ch\t\, 

and that 

\d^d^^{Ph{d,<5h,o-Ph{x,m < 

Using these estimates, we can check that satisfies (|7.3p . Finally, we extend to the whole 
space so that = x ■ — tph{x,^) outside T{R/3,h/3,Ii). □ 

Using Proposition 17.11 we obtain a refinement of Proposition 16.21 

Proposition 7.4. Let < R < 1/h and let a € S{l,g) be supported in < |x| < 

1/h, G /}. Then, for any T > and {p,q) satisfying the admissible condition (|l.ip 



II Op/,(a/,)e **^V'|lLP([_r,T];L'j(iR'i)) ^ CT\\0p,^{ah)f\\L2^^d) + CTh\\(p\\^2(^^d) 

+ CT{hR)-^/^\\0p^Xah)e-''^ip\\L2(^[_T,T]-mK'')) 
+ CrihR)'/' 1 1 [H, OpM]e-''''y^\\L^^i.T,T];L^ 

uniformly with respect to h £ (0, /iq] • 
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Proof. The proof is similar to that of [4_, Proposition 5.4]. By time reversal invariance we can 
restrict om' considerations to the interval [0,T]. We may assume T > hR without loss of 
generality and split [0, T] as follows: [0, T] = Jq U Ji U • • • U J^v, where Jj = [jhR, {j + l)hR], 
< J < — 1, and Jn = [T — 6hR, T]. For j = 0, we have the Duhamel formula 

Op Ja;,)e-^*^ = e-^*^ OpM - i f e-^(*-^)^[Op Ja^), F]e-^^^<is, t G Jq. 

JO 

We here choose G '5(1,5') so that 6/i = 1 on suppa and bh is supported in a sufficiently 
small neighborhood of suppa. By Proposition 17.11 Op;j(6/i)e~*(*~*)^ Op^(6/i) satisfies dispersive 
estimates (j7.ip for < \t — s\ < 6hR with some 5 > small enough. Using the Keel-Tao theorem 
|20j and the unitarity of e~**^, we then learn that for any interval Jr of size \Jr\ < 2hR, the 
following homogeneous and inhomogeneous Strichartz estimates hold uniformly with respect to 
he{0,ho]: 

<c\M (7.5) 

On the other hand, using the expansions (|2.3|) and (|2.4|) . we see that for any integer M >0 

Ophiah) = Op,^{bh) Ophiah) + h^'^ Op;,(ri) 
= 0pdbhr0pM + h^'0pf,{r2), 
[OpM,H] = OpM*[OPh{ah),H]+h^'Op„{rs), 

with some r'i,r2,r3 G S{{x)^'^'^ {^)^^\ g). Therefore, we can write 

Opja^e-'*^ = 0pJ6;,)e-^*^0p;,(a;,) 

/ OpJ6;,)e-^(*-^)^OpJ60*[OpJaO,i?]e-*^^ds 
Jo 

+ Q{t,h,M), 

where the remainder Q{t,h,M) satisfies 

\\Q{t,h,M)\\^,_^^, < Cm/i^-'-^('/'-'/''\ 2 < g < oo, 
uniformly in /i G (0, 1]. Combining this estimate with ()7.5p and ()7.6p . we obtain 



^ C'llfllLl(Jfl;L2(]Rd))- (7.6) 

LP{Jn;Lir-'- 



Opdah)e-''''\ 



LP{Jo;Li) 

UH. 



< C\\OpMv\\L^+Ch\ML^+C\\[OpM,H]e-''''^\\LHj,;L^) 

< C7||0p;,(a,)^||^. +C/i||v5||^. +C(/.i?)^/2||[0p^(a,),^]e-**^V'||i.(^„^^.). 

We similarly obtain the same bound for j = N: 



Opja^e-'*^! 



Lp{Jn;Li) 



< C\\0py,{anML.+ChM\L2+C{hRYI'\\[0p^{ah),H]e-''''^\\ 
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For j = 1,2,..., N - 1, taking 9 £ C(f>(R) so that 6* = 1 on [-1/2,1/2] and supp6' C [-1,1], 
we set Oj{t) = 6{t/{hR) — j — 1/2)). It is easy to see that 9j = 1 on Jj and supp^j C Jj = 
Jj + [—hR/2,hR/2]. We consider Vj = 9j{t) Opf^{a)e~''^^ cp, which solves 

idtVj = Hvj + e'j Op;,(a/,)e-**^v9 + ^^[Opja,,), //]e-'*^v9; Vj\t=o = 0. 

The Duhamel formula then yields 

= -i f Ovh{bh)e-'^'~'^'' Ovhibh)* [9]{s)0vH{ah) + 9,{s)[0vH{ah),H]) e-'^'^ypds, 
Jo 

for t G Jj, which, combined the same argument as above, implies 



<Ch^My + C{hR)-^\\OpMe^''''^\\L^j.^^^ 
< Ch^lM^, + C{hR)-^/^\\OpMe-''''^\\L2^j.L2~) 

+ C{hR)'/%OpM,H]e-''^ip\\^,^j~.^^,y 

Summing over j = 0,1, ...,N, since N <T/h and p > 2, we have the assertion by Minkowski's 
inequality. □ 

Proof of Theorem \1.5[ In view of Corollary 12.51 Theorem 11.41 and Proposition 13.21 it suffices to 
show that, for any Oh € '5(1,5') with suppa/i G {(x,^);2 < |x| < 1/h, |^| G /} and any e > 0, 

J]||Op,(a,)e-*^/(/i2F)v9||i,([_^^^j^^,) < CtMHT^WI^. 

h 

Let us consider a dyadic partition of unity: 

xC^'^x) = 1, 2<\x\< 1/h, 

i<j<jh 

where x ^ Cq°{R''-) with suppx C {1/2 < |x| < 2} and jh < [log(l//i)] + 1. We set Xjix) = 
x{2~^x). Proposition 17.41 then implies 

IIXjOp;,(aft)e-**^(^||^p([_^^^].^,) < CT||xjOp^(a,,)(^||^2 +CTh\\(p\\^2 

+ CT{h2^)~'/^\\Xj OpMe-''''v\\L2^[_T,T];L^) 

+ CTih2r)y%XjOp,{a,),H]e-''^ip\\ 

Since 2^~^ < \x\ < 2-'+^ and |x| < 1/h on suppxjO/i we have, for any e > 0, 

{h2^)~'/^\\XjOpMe-''''^\\L2ii.T,nL^) 
<C||x,(x)-^/2-^/i-i/2-Op,(a,)e-*^^||^.([_^_^,^^.). 

Since {xjO^h^p} G S{{x)^^ (S,) , g), we similarly obtain 
(/.2^y/2||x,[Op,(a,),i?]e-*^^|| 

< ||x,(x)-'/'-^/i-^/'-^0p,(6,)e-*^(^||^,([_^^y]^^,) +CT/i||<^|li., 
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where Xji^) = for some x ^ C^{M.'^) satisfying x = 1 on [1/2,2] and suppx C [1/4,4], 

and bh G S{l,g) is supported in a neighborhood of suppa/i so that 6/^ = 1 on suppa/i. Summing 
over 1 < j < jh and using local smoothing effects (|6.2p . since p,q > 2, we obtain 

II Op,,(a/,)e"**^(^||^p([_7,^2.].^,) 

^ Yl IIXiOp/,(a/,)e"**^(^||5^p(j_^^^].j^,) 
i<i<ih 

<Ct Yl (Ilx,0pja,)v9||i,+/i||(^||i.) 

i<j<jh 

+ C E llx,(x>"'/'"'^"'/'"'Op,(a, + 6,)e-^*^V'llL([_r,r]^i2) 
i<j<jh 

<CT||vp||i.+C|Kx)-i/2-.^-V2--Op,(a, + 6,)e-^*^(^||^.([_^_r^ 
<Cr,e/i-'^||v.|li., 

which implies 

^||0p,(a,)e-*^/(/i2/?)^||J,([_^^^j^^,)<CT,.E^"''ll/(^'^)^lli^ 

<ct,.ik//>^/Vii'.. 

We complete the proof. □ 
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